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Abstract. The notion of pseudo-differential operators with coefficients in a 
continuous trace algebra over a manifold are introduced and their index the- 
ory is studied. The algebra of principal symbols in this calculus provides an 
abstract Poincare dual to the continuous trace algebra. Index formulas for 
pseudo-differential operators twisted by a bundle on the opposite continuous 
trace algebra are obtained in terms of an Atiyah-Singer type index formula 
describing the twisted index pairing as index theory for elliptic operators. 

Introduction 

Twisted K"-theory have many applications in theoretical physics, differential ge- 
ometry and operator algebras. In theoretical physics, a D-brane is a twisted geo- 
metric K"-homology cycle on spacetime and the charge of a D-brane is the Poincare 
dual class in twisted JC-theory, see more in [TU] , [H] and [201 • I'^ differential geom- 
etry, twisted Jf-theory can be described as the K-theory of modules of a differential 
gerbe, see more in [9j and [2 7) . The approach that will play a more important role 
in this paper is the description of twisted K-theory in terms of operator algebras, 
where twisted K-theory comes from the K"-theory of a continuous trace algebra. A 
continuous trace algebra is a locally trivial bundle of compact operators over a topo- 
logical space, and a stable continuous trace algebra is always the algebra of sections 
of an infinite-dimensional Azumaya bundle, so over every connected component it 
comes from a principal P[/(Jff)-bundle for some Hilbert space J^f. 

The objects of study in this paper are pseudo-differential operators with coeffi- 
cients in a continuous trace algebra over a manifold and in particular the associated 
iC-theoretic invariants and indices. The JC-theory of the principal symbol algebra of 
this pseudo-differential calculus is a twisted JC-theory group. This class of pseudo- 
differential operators gives a new interpretation of the twisted index pairing which 
allows for explicit calculations in many examples. As in the non-twisted case, the 
twisted index pairing is a bilinear pairing K*(^X, w) x to) TL. The twisted in- 
dex pairing has previously been studied in [TT] using geometric twisted X-homology. 
A cohomological formula for the index pairing was obtained in fTl] that coincides 
with the Atiyah-Singer index mapping K*[T*X) TL applied to the two classes' cup 
product after using Poincare duality Kjji, co) = K*[T*X, —n*co), where n : T*X —^X 
denotes the projection. 

Elements of the pseudo-differential calculus constructed in this paper are locally 
operator- valued pseudo-differential operators with symbols globally transforming as 
elements of the continuous trace algebra. The problem in constructing this calculus 
arise both locally and globally. 

Locally, there is an analytic problem with pseudo-differential operators acting 
on an infinite-dimensional fiber. To solve this problem we use the operator-valued 
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pseudo-differential calculus of |5T] and [32] which gives a good symbol calculus for 
zero order operators that admits Chern characters and index theory in the same 
manner as on a finite-dimensional fiber. The underlying analytic idea of this con- 
struction of operator- valued pseudo-differential operators is to consider only pseudo- 
differential operators that on the fiber behave like a pseudo-differential operator on 
a manifold. 

Globally there are two problems, how to represent the continuous trace algebra 
and how to define smoothness of symbols. To construct an operator from a symbol 
one must represent the symbol algebra. One can consider a very large Hilbert space, 
the Hilbert space of Hilbert-Schmidt sections, which introduces a huge degeneracy 
of these operators. Therefore, restricting to subspaces coming from finitely gener- 
ated projective modules of the opposite continuous trace algebra is necessary for 
obtaining Fredliolm properties. Concerning smoothness, most examples of Hilbert 
space bundles and projective Hilbert space bundles that arise in practice do un- 
fortunately have the compact-open topology on the structure group and not the 
technically simpler norm topology. Much of the general theory is restricted to the 
norm smooth bundles. Some of these problems can be adressed in examples by 
doing calculations over trivializing covers. 

The paper is organized as follows; in the first section we recall the operator- valued 
pseudo-differential operators of [31 and [32]. The index theory for operator- valued 
pseudo-differential operators is needed in the third section to describe the index 
pairing in twisted K-theory. As an application we calculate indices of non-local 
elliptic pseudo-differential operators on a non-compact manifold equipped with a 
free cocompact action of a discrete group. 

We will in the second section, after collecting some known results for continuous 
trace algebras, introduce the projective symbol calculus. As examples of how to 
construct projective symbols we consider the two examples of T-duals of principal 
S ^-bundles Z — >X and fiberwise magnetic translations on fiber bundles Z — >X that 
are equivariant with respect to a discrete group, see subsection 12.11 respectively 
subsection 12.21 We also calculate the JC-theory of the algebra of projective princi- 
pal symbols which turns out to be the twisted K-theory of the cotangent bundle, 
see Theorem 12.91 Using the ideas of [32] and the generalized Connes-Hochschild- 
Kostant-Rosenberg theorem we can construct the Chern character of an elliptic 
projective pseudo-differential operator as an element of twisted de Rham cohomol- 

ogy- 

In the third and final section we will construct operators from projective symbols. 
This construction defines an isomorphism from the K"-theory of the principal symbol 
algebra to the Kasparov group KK[CiX ,J^iP°P)),€), see Theorem 13^ i.e. the 
principal symbol algebra of our calculus does in a sense provide an abstract Poincare 
dual to C(X, Jir(P°^')). The index pairing of an elliptic projective symbol with 
an element of Kq(C(X, J^^(P°^'))) is given by twisting the symbol with a smooth 
projection. The index theory from the non-twisted setting gives us a formula in 
twisted de Rham cohomology for the index of this operator, see Theorem 13.61 We 
calculate this index pairing for T-duals in Theorem 13.91 where the twisted index 
pairing is of a very simple form since it can be described as usual pseudo-differential 
operators on a manifold using the Thom-Connes isomorphism. We also study the 
twisted index pairing of elliptic projective operators equivariant under fiberwise 
magnetic translations with fiberwise elliptic operators that are equivariant under the 
fiberwise opposite magnetic translations. This produces index formulas in twisted 
de Rham cohomology for certain types of differential operators, see Theorem 13. 121 
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1. Operator- valued pseudo-differential operators 

We will start by presenting an analytic framework for pseudo-differential op- 
erators acting on an infinite-dimensional fiber. The framework we choose is the 
operator- valued symbol calculus from f3P and [3?. There are also other, less re- 
strictive, symbol calculuses available for infinite-dimensional fibers such as |f 5| or 
[24] ■ but we choose that of [3T] and [32] for its simplicity in calculating Chern 
characters. To avoid densely defined operators and domain issues we follow the 
convention of j3f j and [32) and only consider operators of non-positive order. 

The unitary group on an infinite-dimensional Hilbert space is contractible in its 
compact-open topology by Kuiper's theorem, see |23) . so any vector bundle with 
fibers being infinite-dimensional Hilbert spaces is topologically trivializable. The 
symbol calculus we consider in this section can in practice often be constructed 
also for Hilbert space bundles whose structure group is the group of unitaries in the 
compact-open topology but in later sections for projective bundles deeper problems 
occur whenever outside the norm topology. In general, it is only the C*-algebra 
generated by the symbols that makes sense. In this section we will work in the sim- 
plest setting of trivial Hilbert space bundles, which will provide a straight-forward 
setting for norm-smooth projective Hilbert space bundles. 

Let denote a separable Hilbert space and for p > 1 we let ^p(^) denote 
the Banach space of Schatten class operators of order p on . When speaking of 
smooth mappings we will, unless otherwise stated, mean smooth in the appropriate 
norm sense. We recall the notion of an operator- valued symbol. Definition 2.1 from 
[32] . For p > 0, a large integer JV and m < we define the linear space S™'f(R", J^) 
as the set of smooth functions a : R" x R" ^^(j^) with compact support in the 
first n variables that for \a\, |/3| < JV satisfy the estimates 

(1) ||55"5/a(x,OU(^) <(l + l?ir-'"', 

(2) ||3«5/aU,OI^H^)^(l + l?l)'"^'"'"' for \a\>m + p, 

(3) ||3"5/a(x,^)||^p/(i»i-...)(^) < 00 for m<\a\<m + p. 

The choice of JV will not play an important role as long as it is sufficiently large. 

The conditions ((U)-® are motivated by the following situation: suppose that 
Qq e S'"(R""''P), the Hormander class of symbols of order m < on R""*"^, has 
compact support in its first n + p coordinates and set a : (x, ^) aQ{x,y,^,dy) e 
miL^W)). The operator-valued symbol a is an element of S^-p+'CR", L^CR^')) 
for any e > 0. This fact is proved by observing that for a,^ e N" the operator- 
valued function d^d^a[x,E,) takes values in the Schatten class operators of order 
(p-|-e)/(|a| — m) for any e > since it is defined from the pseudo-differential operator 
d^d^a{x,y,E,,rf) which is of order m — \a\. The estimates ([U and ^ follows from 
this observation, compare to Theorem 1.8 of [2j. This example illustrates that the 
Schatten condition can be replaced by any suitable operator ideal C ^(j^), such 
as any symmetric normed ideal. For instance, when a is constructed as before from 
an Oq G S^CR""*"^) the conditions ^ and ([3]) holds when replacing the Schatten 
norms by Dixmier norms and a e S;"'''+(R", L^(R'')). 

An operator- valued symbol a e I1["'''(R",^) defines a linear operator a{x,d) 
which a priori is defined on elements / e 5^(R", J^) as 



a{x,d)f{x):-- 



(271)" 



a(x,?)exp(ix-?)/(?M, 



where / denotes the Fourier transform of /. The operator a{x,d) is called an 
operator- valued pseudo-differential operators of order (m,p). An operator- valued 
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pseudo-differential operator extends to a bounded operator on L^(R", J^) which is 
trace class if m is small enough, see Proposition 3.2 of [21] • We define 

(4) a b(x, := 1] ^ [(3^"aXx, ?)] • [(5;a)(x, ?)] . 

[a|<iV 

for a,b e E^'P(R",^). Then a[x, dMx, d) - [a b)ix,d) e if H^^CH", ^))- 
Therefore the operator- valued pseudo-differential operators of order (m,p) together 
with the trace class operators form an algebra which we denote by *™'''(IR", ). 
Furthermore, if x,x' ^ C~(R") has disjoint support then xQx' ^ ^HL^(R",^)) 
for any Q e ^'^■^(R",^) and any m,p. For proofs of these statements we refer to 

For operator-valued symbols, it is often more natural to define homogeneous 
symbols with respect to an R_|_-action on the fiber . Suppose that k : R+ —>■ 
GI(J^) is a strongly continuous R+ action on J^. A symbol a G T.'^-p (MI' , J^) is 
called homogeneous of order m with respect to k if a(x, X^) = A'"K:(A)a(x, ^)k:(A~^) 
for large ^ and A > 1. This definition can be found in [15]. The R+-action on 
the fiber will not play an important role in this paper so we will only refer to 
homogeneous symbols of order m. 

We adopt the convention from [21] and [32] and replace the infinitely smoothing 
operators by trace class operators. This convention simplifies many constructions. 
For the purpose of index theory, trace class operators does not affect anything and 
the same calculations are possible, so this coarse scale of smoothness suffices. 

Assume that X is a smooth manifold without boundary. We will use the notation 
71 for the projection of the cotangent bundle T*X —>■ X and also for its restriction 
to the cosphere bundle S*X X. Following the standard procedure, an operator- 
valued pseudo-differential operator of order (m,p) is an operator Q e 9S(L^(X,M')') 
such that if the open subset U QX lies in a coordinate chart and x, x' ^ C^{U) then 
XQx' is, up to an element of if ^(L^(Lr, )), an operator-valued pseudo-differential 
operator of order (m,p) in the local coordinate chart on U. By Theorem 2.8 of [32] 
the definition of an operator-valued pseudo-differential operator is independent of 
coordinate charts. Unless otherwise stated we will assume that our manifolds are 
compact. 

We will denote the space of operator- valued pseudo-differential operators of order 
(m,p) on X by ^'"'^'(X, J^T). The motivation for this notation is that the operator- 
valued pseudo-differential operator has coefficients in the multiplier algebra of the 
trivial bundle over X with fiber J^T. One could equally well consider a norm smooth 
Hilbert space bundle M X and pseudo-differential operators with coefficients in 
the multipliers of the bundle of fiber- wise compact endomorphisms J^r(H) — > X. 
The problem is that the Hilbert space bundles arising in examples often are not 
norm smooth, let alone norm continuous, but rather strongly continuous. The same 
problem causes difficulties for the pseudo-differential operators with symbols in an 
Azumaya bundle that will appear later on in the paper. There are three ways 
out of this problem; either one finds an isomorphism to a norm-smooth bundle, 
which for a Hilbert space bundle can be taken to be trivial, or one loosens the 
smoothness restriction on the symbols and work with symbols from a C*-algebra 
or one could choose local trivializations that glue together via transition functions 
that are smooth only in the strong sense. 

The space ^°-p[X,^) forms a *-algebra filtered by see Theorem 

3.6 of [31] for a proof of this statement. If [/ C X is an open subset we will 
let *^'f'(i7,jr) C *'">P(X,J^r) denote the subalgebra of operators that are proper 
and compactly supported in U, i.e. the operators with Schwartz kernels whose 
supports are compact in UxU. The algebra ^'"'■''(X, JfT) is spanned by the smoothing 
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operators and all *™'^([/, Jif) for open subsets U inside a coordinate neighborhood, 
since the operator-valued pseudo-differential operators are pseudo-local. 

Let us introduce some notations for the symbol algebras that will appear through- 
out the paper. If U is an open subset of a manifold we will let C^-°°{U,^p{3^)) 
denote C^iU , m{M'))r\C^ {U ,S£P{M')) and we denote the space of compactly sup- 
ported functions of this space by Cf ■°°(Lf,if''(J^)). We wiU let denote 
the subspace of C°°{T*X, ^{^)) that satisfies ((Ij-® in local coordinates. If U is 
open in X we will let TI^'P[IJ,X) denote the subspace of functions in Jif) 
that are supported over the base U , i.e. a e J^f) if {x : a|n-i(j:) / 0} 

is a precompact subset of U. Finally, we wiU set := S'"'P(X,jr)n 

Q(r*X, ^(J^)). Let ^["/(X.jr) C q/^-PCX.JT) denote the algebra of operator- 
valued pseudo-difFcrcntial operators generated from symbols in Jif). 

Any operator Q e Jif) is pseudo-local. Thus there are finite covers {Ua) 

of X and trivializations fa'-^a^ ^R-" such that any Q can be written as 

(5) Q = 2u, [a„(x,3)]u-i+S, 

a 

for a collection a„ e S°'P(]R",^) and an S e ^^{L^{X,^)). Here u„ : L^CR") ^ 
L^iUg) denotes the isomorphism constructed from /„. We will use the notation il 
for the triple consisting of (t/a), (/a) and a choice of a subordinate partition of unity 
iXa)- From the decomposition ([5]) we define the function cry(Q,S) e T.^'^{X,yi^) by 
(Ty(Q, S) := .I^a/*'^'^a)- "^^^^ ^^^^ function the full symbol of Q with respect 
to S and ii. Observe that a.JJIl,S) only depends linearly on the pair (Q,S). 

We can decompose the full symbol by defining ct° (Q,S)(x, i^) := CTj^(Q,S)(x,0) 
and CTi(Q,S)(x,(^) := CTu(Q,S)(x,^)-crii(Q,S)(x,0). Thus the fuU symbol CTu(Q,S) 
takes the form 

(6) au(Q,S) = a°(Q,S) + CTi(Q,S). 

Let us emphasize the obvious fact that the symbol ct^CQjS) is independent of E,. 
We can in each T*Ua decompose the dual coordinates E, = and using this 

decomposition we can rewrite 

Jo 

Using this integral formula, © implies that ctJj(Q,S) e C'^'~(r*X,if''(^)) since 
the Schattcn class operators form a Banach space. It is trivial that crJ,(Q, S) also 
satisfies ([Ij-©- A consequence of this decomposition is the following proposition: 

Proposition 1.1. We have an inclusion JT) C ■°°(r*X,ifP). 

An interesting setting of operator- valued symbols is on a fiber bundle : Z —^X 
with smooth compact fiber M and X is a compact smooth manifold. Any 0-order 
pseudo-differential operator on Z defines an operator- valued pseudo-differential op- 
erator on the Hilbert space bundle L^{Z\X) —>■ X associated with the fiber bundle 
by taking the fiber of L^(Z|X) over x e Z as the Hilbert space L^(7r~^(x)). Here 
we see the problem addressed above since the gluing cocycles of this group only are 
continuous when the group of unitaries on L^(M) is equipped with the compact- 
open topology. Observe that a symbol Qq = OgCx, y, E,, 17) of order m on Z defines an 
operator-valued function a(x, ^) = ao(x,y, ^, 5^,) on T*X, this construction will of 
course depend on the choice of coordinate system on the fibers of Z. The function 
a will in a fixed coordinate system satisfy the estimates ([I])-© for any p > dim(M). 
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We will in this paper mainly focus on classical pseudo-differential operators. 
In the context of operator- valued pseudo-differential operators a classical pseudo- 
differential operator is an element Q e (X,J^r) such that there exist Qj e 
^m-j.p(X, J^T) which are homogeneous of order m — j and Q ~ ^Qj. In our conven- 
tion of smoothing operators, the asymptotic sum can be taken as a finite sum. The 
classical operator- valued pseudo-differential operators of order (m,p) again form an 
algebra which we denote by 

The principal symbol mapping Q Qg, for Q ~ XiQj ^ '^'^ci f iX , J^) , does not 
depend on the choice of coordinates and defines a mapping a : ^°f{X,J^) 
C°°{S*X, ^^(Jf )). The mapping a fits into a short exact sequence: 

(8) - ^-'■''(X, JT) - (X, JT) ^ (X, JT) - 0, 

where we define E^'CX, JT) := im(cr : JT) ^ C°°(S*X, ^(J^))) and the ideal 

J^T) is defined as ker cr. Because of the technical assumptions we have put 
on the symbols, a compactly supported symbol is not the symbol of a smoothing 
operator or even an operator of lower order, although clearly defining a compact 
operator. This fact combined with the definition of homogeneous symbols gives the 
space kercr a slightly complicated structure: 

Proposition 1.2. The ideal *^^'^(X, J^^) is the subalgebra of X{L'^[X,^)) linearly 
spanned by *-i'f'(X, JT) and (X, JT). 

Proof. If the operator Q e ^°|^(X,Jir) we may write Q = Qq + Qi where Qi e 
"if ^^'^{X,^^ and Qg is defined from a homogeneous symbol. Clearly Q e kercr if 
and only if Qq e kercr. The last statement holds if and only if some full symbol 
cry(Qo,S) vanishes for large \E,\. Using the decomposition ^ of cry(Qo,S), it follows 
that cr°(Qo,S) = and ct^CQo.S) g Cf •°°(T*X,ifP) satisfies the estimates ©-Q so 
ai(Qo,S) e S°f (X, X) and Qq e (X, X). □ 

The symbols however have a rather simple structure, and the following proposi- 
tion follows from the decomposition ([6]): 

Proposition 1.3. The principal symbol algebra satisfies that 

TF(X,X) c c~(X, C^'~(S*X,i?P(^)) c C~(S*X, ^(^)), 

where we extend elements of C°°{X, dS{J^)) to constant functions on the fiber of 
n : S*X ^ X. Any element of C°°(X, ^(J^)) -|- C^'~(S*X,^''(J^)) that in local 
coordinates satisfies the estimates ^ and ^ extends to an element ofTP'P(X,Jlf) + 
C^'°°iT*X,^P). 

We win use the notation E(X, JT) := C(X, ^(J^))-FC(S*X, jr(J^)), which is the 
C*-closure of S^(X, J^f) in the pointwise operator norm for any p > 1. Recall that 
an embedding ^ A of bornological algebras is called isoradial if the embedding 
preserves spectral radius of bounded subsets, see Definition 2.21 and Definition 2.48 
of |13| . In particular, a dense isoradial embedding preserves spectrum by Lemma 
2.50 of [13] and induces an isomorphism on iif-theory by Theorem 2.60 of [13] . 
We equip Sf(X,J^r) with the homology induced from the inclusion TP{X,:X^ C 
C°°(S*X, ^(Jf )) and the seminorms induced from the proportionality constants in 
@-®- 

Proposition 1.4. The inclusion YF{X,M^^ C S(X,J^r) is dense and isoradial. So 
if a & T,P(X,J^) is invertible in T,(X,J^) it is also invertible in T,P(X,J^) and 
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Proof. It is straight forward that S^(X,J^r) is dense in S(X,Jir). To prove that 
the embedding is isoradial we follow the idea of Example 2.18 and Lemma 2.49 of 
|13) . Assume that S C TP{X,X^) is contained in the closed ball of radius r < 1 in 
S(X, JT), then Lemma 2.49 of [T^ implies that TP{X,:^) C E(X,jr) is isoradial if 
S is power-bounded in S''(X,J^r), see Definition 2.16 of 13 . To prove that S is 
power-bounded we must show that if /i,/2, • • • , A ^ S, the semi-norms of • • • A 
are bounded by semi-norms of A)A)---)A- The assumptions on S implies that 
II/iIIecx.jt) < r < 1. Since S£P is a symmetric operator ideal in ^ this assertion 
and the fact that S is power-bounded in J^f) follows in the same fashion as in 

Example 2.18 of 13 . □ 

We will now describe the elliptic operator-valued pseudo-differential operators. 
We say that an operator-valued pseudo-differential operator Q is elliptic if there is 
a smoothing operator S such that the full symbol o"y(Q, S) takes invertible values 
outside a compact subset of T*X. A classical operator- valued pseudo-differential 
operator Q is clearly elliptic if and only if cj(Q) takes values in the invertible oper- 
ators. 

Proposition 1.5. An operator-valued pseudo-differential operator is elliptic if and 
only if it is invertible up to a smoothing operator. 

Proof. If an operator-valued pseudo-differential operator Q with a full symbol a is 
invertible up to a smoothing operator, a full symbol r of an inverse up to smoothing 
terms R satisfies 1 — ra, 1 — ar e I1~^'P[X, X^. We define rj. := Xij=o(l ~ ra)h. For 
sufficiently large fc, is an inverse of a up to a term that defines a smoothing 
operator. So there is a full symbol of Q that is invertible outside a compact set. 

To prove the converse, assume that Q e ^'°'^(X,J^r) is elliptic. Let us choose 
a full symbol a := a^{Ci,S) that is invertible outside a compact subset of T*X 
with inverse r corresponding to a parametrix R. In particular, it follows from (01) 
that there are smoothing operators 5^,52 such that C7y(l — QR, S^^), (7^(1— RQ, S2) e 
5]~i>P(X, J^^) + S™'P(X, J^T). Operator- valued pseudo-differential operators of order 
(— l,p) are in some Schatten class and compactly defined symbols of order (0,p) 
operators are also in some Schatten class, due to the decomposition Hence, 
for a large q > we have that 1 - QR, 1 - RQ e if5(L^(X, J«')). Take an integer 
fc > q and define R^ := X^^IqCI - RQyR. Since 1 - QR^, 1 - R^Q e ^^{h\X,:^y), Q 
is invertible up to a smoothing operator. □ 

It follows from that C i£\h\X,^^') for some q whenever m < 

that an operator- valued pseudo-differential operator is elliptic if and only if it is 
Fredholm. We shall now review their index theory as described in [32] . To describe 
the index theory for general operator-valued pseudo-differential operators we need 
to obtain a homotopy from the elliptic operator-valued pseudo-differential opera- 
tors to classical elliptic operator-valued pseudo-differential operators. The case of 
classical pseudo-differential operators is easier since the index of a classical elliptic 
operator will only depend on its principal symbol. The following Lemma follows in 
a similar fashion as Theorem 19.2.3 of [21 : 

Lemma 1.6. // Q e >I'*''f (X, Jif) is elliptic, then modulo Schatten class terms, 
there is a norm- continuous path (Qt)t6[o,i] — ^°'^(X,^) of elliptic operator-valued 
pseudo- differential operators such that Qo = Q and Qj is classical. 

Proof. If Q is elliptic, we may write Q = Xa"a ["^aC^)^)] +S as above in ^ 
in such a way that cry(Q,S) takes invertible values outside a ball subbundle of T*X 
of some radius s. Using the formula ([7]) we can for each a decompose a„(x, (^) = 
"^a.oC-^) + "^a.iC^' Let X ^ C°°(]R+) be a smooth cutoff satisfying = near 
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ii = and z(u) = 1 for u > 1. Define (a^)te[o,i] ^ S°'P(i7„, JT) + '~(T*X,^f ) by 

The path t is smooth, a° = and a;|j is homogeneous. Observe that 

^ J^T) since it violates ©-dS]) in a compact set. Compactly supported 

symbols taking values in a Schatten class defines Schatten class pseudo-differential 
operators and therefore this path of symbols defines a path of operator-valued 
pseudo-differential operators modulo Schatten class terms. Furthermore, if i? is a 
parametrix of Q, with 7? = Xia"a ['"a(^)'^)] '^a^ +S', then we can in the same way 
as above define r^. Since t is smooth the path of pseudo-differential operators 
defined by 

Q, :=Xi"a "a'+S, 

a 

is norm-continuous with a norm-continuous path of parametrices (■Rt)te[o,i]j so the 
path satisfies the properties in the statement of the Lemma. □ 

1.1. K-theory of the symbol algebra. The index theory of operator- valued 
pseudo-differential operators docs in much behave as index theory on finite-dimensional 
fibers. One large difference is the JC-theory of the symbol algebra. The full symbol 
a of an elliptic operator- valued pseudo-differential operator is in fact a continuous 
function a : T*X ^q, where denotes the space of Fredholm operators of index 
0, that takes invertible values outside a compact set. This construction gives an el- 
ement of S[a] e K°{T*X) by the Atiyah-Janich theorem. We will in this subsection 
look closer at the symbol class in K°{T*X) using methods from operator algebras 
and show that S is an isomorphism on K-theory and the index of an operator- valued 
pseudo-differential operator is given by ind;^S[a], where indj^ : K*[T*X) TL de- 
notes the index mapping. 

Motivated by Proposition 11.61 we define the symbol class [Q] e ^Cl(S(X,J^^)) 
of an elliptic operator- valued pseudo-differential operator Q as the class [o"(Qi)]. 
The index of an operator-valued pseudo-differential operator will only depend on 
the symbol class and coincides with the index pairing with the K-homology class 
G K^[TlX,xy) defined by ©. A priori, ([5]) do only define an extension class. 
We will not prove that this extension class comes from a JC-homology class until 
section [3] where we prove it in the more general setting of projective symbols. Let 
us calculate the K-theory of the principal symbol algebra. 

Lemma 1.7. // is infinite- dimensional, the association a S[a] defines an 
isomorphism 

Proof. Let denote the Calkin algebra. Consider the short exact sequences 

(9) ^ C(S*X, jr(J^)) ^ S(X, JT) ^ C(X, <ig'(J«')) ^ 0, 

(10) C(X, jr(J^)) ^ C(X, ^(J^)) ^ C(X, "£[3^)) ^ 0. 

The index mapping JC*(C(X, 'ig'(^))) K^+i(C(X, induced by ^ is an 

isomorphism since the Kiinneth theorem implies that 

while K^(^(J^)) = if is infinite-dimensional. Therefore ^ gives a six term 
exact sequence which after using Morita invariance of JC-thcory looks like: 

K°iS*X) > Ko(S(X,jr)) > K\X) 



K\S*X) 
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On the other hand, eonsider the short exact sequence 

^ Co(T*X) ^ C(B*X) ^ C(S*X) ^ 0. 

After taking K-theory of this short exact sequence and using that n* : C(X) - 
C(B*X) defines a homotopy equivalence we arrive at the six-term exact sequence 

K°{S*X) > K\T*X) > K\X) 



K°iX) < Jf°(r*X) < K\S*X) 

where the mapping K*{T*X) K*{X) is the restriction mapping. A diagram chase 
and the five lemma implies that S is an isomorphism K^,{^T,{X, J^f)) = K*'^^{T*X). □ 

In fact, the isomorphism S can be made explicit using iiCK"-thcory in the same 
that one associates a difference class in K°{T*X) to an elliptic pseudo-differential 
operator. We shall return to this observation for projective symbols. Observe that 
the K-theory of the algebra of principal symbols is quite different when the fibers 
are of infinite dimension. In finite dimension the Calkin algebra is trivial so the 
JC-theory of the principal symbol algebra is K*{S*X), thus it also contains non- 
trivial elements that are constant on the fibers. However, as far as index theory 
is concerned this will not play a role since the pseudo-differential extension ^ 
quantize the base of r*X in a trivial way. 

In the situation of a fiber bundle Z — > X with compact fiber and compact base 
the map S acts as a fiberwise index mapping for elliptic operators. There is, as 
noted above, an embedding of the symbols on Z into the operator- valued symbols 
on X. As in Lemma 11.71 a symbol on Z that defines an elliptic operator- valued 
symbol on X is a section T*X ^q{L'^(^Z\X)) that takes invertible values outside 
a compact subset, where ^QiL^iZlX)) denotes the bundle of Fredholm operators 
of index 0. On the other hand, a fiberwise elliptic operator on Z — > X defines a 
section X ^(L^(Z|X)), the bundle of Fredholm operators on L^(Z|X), which in 
term determines a class in K°(X). 

1.2. The Chern character of a symbol. On an abstract level, we can define the 
Chern character on the principal symbol algebra ch : JC^(S(X, J^T)) —>■ H*'^^(^T*X) 
by representing a K-theory class of S(X, Jif) by a K-theory class on T*X. We will 
describe how to calculate the Chern character more explicitly using the dense iso- 
radial *-subalgebras S^(X, Jif) by modifying symbols to take values in the Schatten 
class operators. 

Lemma 1.8. For any invertible a e jy(X,J^{J^)) there is an invertible Qq e 
C°°iX,d3(j>if®M')) such that 

(ae 1)- 7i*ao e c'^'°°(s*x,if^'(^e^))ns''(x,jr(j^e j^)). 

The proof of this Lemma follows the same lines as that of Proposition 4.3 of [21], 
but we formulate the result in a different fashion that will prove the same result for 
projective symbols mutatis mutandis. If the Euler characteristic of X vanish, the 
situation is much simpler, the cosphere bundle S*X — > X admits a global section rj 
and Qq := Tj*a ® 1 satisfies the conditions of the Lemma. 

Proof. We define d := Ti^a e C°°(X, ^(^)). We have that d takes values in and 
so does dele C°°(X, ^(J^ J^)). Furthermore, 

a - d e C'^-°°iS*X,^PiM')) n S^CX, jr(J^)). 

After adding a finite-rank valued function to d ® 1 we obtain a function that 
takes surjective values, so Qq takes invertible values. □ 
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A consequence of Lemma [TTSl is that the construction of the Chern character of a 
reduces to constructing the Chern character of (7r*ao)"^a e l + C^'°°iS*X,^P[^))n 
Sf(X,jr(Jff)). This follows from that [(7r*ao)"^a] = [a]-7T*[ao] = [a] ini<:i(S(X, JT)) 
since K^,{C[X, ^)) = 0. The construction of the Chern character in the case p = 1 
is a straight-forward generalization of the classical Chern character. For p > 1 the 
calculation of the Chern character becomes more complicated in general. One must 
resort to a different approach using a smaller subalgebra of the principal symbol 
algebra and regularize the Chern character using the suspension operator in cyclic 
homology. The construction in this case is done locally in and the global case 
in We refer the reader to these papers for the explicit construction. 

There are in some cases possible to calculate the Chern characters more directly. 
If p is a differential form on a fiber bundle we denote its component that has 
degree k in the fiber directions by [p]^. We let : H*(S*X) ^ H*+HT*X) denote 
the boundary mapping. 

Proposition 1.9. If a& J^^) is invertible and p <n — 1 then 

ch[a]„ = o(^gtr[(a-Ma)2'^+i]^_^j. 

All the terms in the Proposition are well defined since any differential of a in 
the fiber direction is n — 1-summable. This proposition follows from homotopy 
invariance of the Chern character which by Lemma 11.81 allows us to assume that 
ael + C'^'°°iT*X,^P[j^)). 

1.3. The index theorem. We end this chapter by stating an Atiyah-Singer type 
result for the operator- valued pseudo-differential operators from [32] ■ The proof is 
by standard methods, see for instance [1] and [S]. 

Theorem 1.10. If Q is an elliptic operator-valued pseudo- differential operator of 
order on the closed manifold X then 



ind(Q): 



ch[Q] A rd(X) 



In particular, if the principal symbol a of Q is an element of Y?[X,^) for some 
p < n — 1 then 



r 2n-l 

ind(Q) = 



tr[[a-'daf]^_^An*TdiX). 



S'X k=n-l 

1.4. Example of free cocompact actions. Let us give an example of how to 
construct operator-valued pseudo-differential operators on a compact quotient by a 
free discrete group action. The set up is that X is a possibly non-compact smooth 
Riemannian manifold and the discrete group F acts freely and cocompactly on X by 
isometrics. Since the F-action is free, X Xp£^(F) —^X/F is a smooth Hilbert space 
bundle. A smooth section on this bundle is an equivariant function X — > £^(F) 
or compact-valued function X ^ jr(£2(r)). Observe that L^iX) = ® ^^(F) = 

L^(X Xp£2(F)), where the later denotes the L^-sections of X x £^(F) and ^ denotes a 
fundamental domain. We will now write down a necessary and sufficient condition 
for a pseudo-differential operator on X to define an operator-valued symbol on 
X Xp £2(-p-) ^j^jgj. tijg isomorphism L^{X) = L^iX/r,X l^iF)). 

The first step is that we with a symbol a of order m on X can associate a function 
fio e C°°[T*X\^, ^(£2(F))) by setting do := Xi^erT*aU5^, here the Dirac function 
5 e Q(F) act on ^^(F) by point -wise multiplication. Let d denote the equivariant 
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extension of Qq to T*X. Since the operators 5y are rank one projections onto an 
orthonormal basis of £^(r) it follows that 

Since a is equivariant it defines a smooth section X/F !M(X Xp l^iYj) and a e 
i;'"'P(X/r, jr(£2(r))) if and only if 

(11) Y^\d^dlY*a{x,E,)\Pl^^P^-"'^ <oo for m + p >|^|> m and 

rer 

(12) 2|3;s/r*a(x,?)|<(l + |?|)'"+P-l^l for |^| >m + p. 

rer 

The function a automatically satisfies condition ([T]) . This construction of operator- 
valued symbols is but a consequence of the isomorphism Cq{X) tx F = C(X/r) ® J^T 
coming from Green's imprimitivity theorem. The association a — > a can be extended 
to non-local operators, i.e. operators on L^{X) of the form ^a^y. These types of 
operators have previously been studied in [2_8^ when F is of polynomial growth 
and X is compact but the only restriction on the F-action is that it embeds into a 
compact Lie group of diffeomorphisms of X. The symbol of such an operator is an 
element of C°°{T*X) IK F, the later is as a hnear space given by C°°{T*X)®y{T). 
Here 5^{T) denotes the Schwartz functions on F and forms a Frechet algebra under 
convolution. We let Sy^iX) denote the Frechet space formed by elements of S'"(X) 
satisfying ([TTjl and . If F is of polynomial growth acting freely and cocompactly 
on X as above, then we can clearly extend a a to a mapping S|!'^(X)®5^(F) 
E'"'P(X/F, jr(£2(F))). If we let e SSil^^r)) denote left translation by y the image 
of an clement a = Y^a^y e S'Pp{X)®S^[r) under this mapping is the equivariant 
extension of the ^^(£^(F))-valued function 

J]r*ay'y5^x^,^c^irxy,m\m. 

rer 

In the case that F is of polynomial growth there is a simple sufficient condition 
implying pT|) and (|12p. We can find a smooth function v : X such that 

v^xj) ^ dr(T> 1) for x & where dp denotes some choice of word metric on F. 
Assume that a is a symbol of order m on X that satisfies 

(13) |3;a/a(x, ?)i < (1 + i?i + vixfr-^p\ 

for a 5 > 0. If we denote the order of growth of F by JV then it follows that 
a e SPp(X) for any p > max(l,JV/5). A very simple example of such a symbol is 
if D = '^a.jdj + Qq is a first order differential operator on X and |ao| ^ v^, then 
ct(D)/(1 + CT(D)*cr(D)) satisfies (US]) with m = 0. 

For operator-valued pseudo-differential operators of this type the calculation of 
their Chern character for p < n — 1 can be done explicitly. Recall that [p]j. denotes 
the part of a form or a cohomology class p that contains k differentials in the fiber 
direction. 

Lemma 1.11. Assume that the symbol a = X^gpij^T ^ '5p^(X)it)t9'(F) is unitary 
and p < n — 1. Then we have that 

ch[fi]„ = |^gch,_„_i[a] j eH:(r*(X/F)), 
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and the terms ch^. [a] are defined from the form defined as the following absolutely 
convergent sum: 

E 

where the subset r^^^ C r^*^ is defined as all sequences iTi,j'T2,j>T3,j)}=i,...,k such that 
Tsjrij = rzj+irij+i and ll\l3,xll\lz,2 ■ ■ ■ Tajrs.fc = 1- 

Proof. That the sum is absolutely convergent follows from that the factors in the 
summands are polynomially decaying in ^-i^d jsj ^nd n — 1-summable in yy. 
The calculation of the Chern character goes as follows; we have that 

r1.r2.r3er 

It follows that 

k 

[a*daf= 2 A^I;V,d(rt;V,.5,-j,,^A,-i,3j. 
(ry)6r3';=i 

However, when taking the trace only the terms with (.Yij') ^ ^f^i ^ non-zero 
contribution. □ 



71-1 



2. The symbol calculus on Azumaya bundles 

In this section we will study a certain algebra of symbols on Azumaya bundles, 
symbols which we will associate pseudo-differential operators with in the next sec- 
tion. Along the way we will shortly recall some known results about continuous 
trace algebras, twisted K-theory and the corresponding Chern characters. 

In the previous section when we considered the situation of operator-valued 
pseudo-differential operators on an infinite-dimensional fiber, Kuiper's theorem re- 
vealed that trivial Hilbert space bundles contains the same topological invariants as 
diffeologically non-trivial Hilbert space bundles. Matters change drastically when 
the symbols of the pseudo-differential operators have a non-trivial global structure. 
The group of automorphisms of the compact operators is the projective unitary 
group, with compact-open or norm topology, whose classifying space in infinite 
dimension has the homotopy type of a 3), which will allow for topological 
invariants that can not exist on a finite-dimensional fiber. 

We will pick up the slack from the previous section and address the technical 
aspect of the compact-open topology on the structure group. On the level of C*- 
algebras this will not affect much. However we know of no dense subalgebra of 
smooth symbols in this setting and no way of explicitly calculating Chern charac- 
ter other than using the spectral sequence of [3]. In the case of a norm smooth 
Azumaya bundle one can calculate the Chern character explicitly using . For a 
brief overview of twisted K-theory we refer to |30j . 

Recall that a continuous trace algebra is a C*-algebra A whose spectrum A is 
Hausdorff and such that A has enough locally rank one projections, see more in [8], 
[Tl] or [3D]. If the spectrum X :=A of a stable separable continuous trace algebra A 
is locally compact, there is a Hilbert space M' and a locally trivial bundle Jif^ —^A 
with fiber jr(J«') such that A = QCX,:*;:;). We will call an algebra bundle :>ifj^^X 
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with fiber being compact operators on a Hilbert space an Azumaya bundle over X. 
Since is locally trivial it comes from a principal P[/(J^)-bundle P —^X. Here 

A principal Pi7(J^)-bundle P ^ X is, in a fine enough cover, described by a Cech 
cocycle ic^p) e Z^(([/„),P[7(J^)), for some cover [11^) of X. For simplicity we will 
always assume that the cover [U^) is fine enough and the elements are already 
lifted to functions c^p : 1/^ n [/^g ^ [/(Jf ). With this choice of Cech cocycle there is 
an associated continuous trace algebra 

A := {(aj G e„C([/„, jr(J^)) : aJu__nL/pCa^ = Ca;5a/3li/„nL/p}- 

The Azumaya bundle associated with this continuous trace algebra is Jir(P) := 
P Xpu[^) ^ and A = QCX, Jir(P)). The algebra of sections of an Azumaya bundle 
with finite-dimensional fiber is in fact an Azumaya algebra over QC-X") motivating 
the terminology of infinite-dimensional Azumaya bundles. 

The opposite principal P[/(Jff)-bundle P°^ is the bundle defined by the Cech 
cocycle (c^^ , with respect to a fixed real structure on J^. An alternative way 
is to define P°^ as a principal P[/(J^)°^-bundle defined from the cocycle (c*^) e 
Z'^((i7„), PUC^)"^). These two constructions coincide in the sense that a real 
structure defines an isomorphism = J^^, k—^k* which defines an isomorphism 

PUiJ^) = puiJ^yp . 

The two cases that is of finite respectively infinite dimension are quite differ- 
ent. We will in this paper only consider the case when is of infinite dimension. In 
this case, U[M') is contractible in its compact-open topology by Kuiper's theorem, 
and therefore also in norm topology. It follows that its classifying space BPU{M') is 
a 3) and H'^iX, PU[^)) = H\X, Z) both in compact-open and norm topology. 
Therefore the image 5(P) of the Cech cocycle (c„^) under this isomorphism classifies 
the bundle up to isomorphism. In particular, one can always find an isomorphism 
class of a principal PL/ (J^)-bundle in compact-open topology that is norm contin- 
uous. The invariant 5(P) is called the Dixmier-Douady invariant of the principal 
P[/(J^f)-bundlc P or the associated Azumaya bundles. Without going into too much 
details, let us mention that for finite-dimensional fibers the Dixmier-Douady invari- 
ant is a torsion class in Z) that only classifies Morita equivalence classes of 
such bundles. 

Any ideal J C ^(j^) defines a locally trivial bundle J^(P) := P Xpu(x-) 
with fiber J . The bundle J^(P) is a continuous bundle whenever J has a topology 
on which PU[^) acts continuously. The cases of interrest for us are J' = ^(J^), 
J' = J^^(J^f) and the Schatten class operators J' = ifP(J^), but of course other 
ideals might be useful in other index theories. Observe that PU[^) with norm 
topology acts norm continuously on ^(J^), J^r(J^) and ^^(J^). In compact- 
open topology P[/(J^) acts continuously on 9S[^) only in its strong topology but 
on J^r(J^) and if^'(J^) in their norm topology, see Proposition Al.l of [J. The 
group P[7(J^) equipped with norm topology can in fact be made into a Banach- 
Lie group, it is a closed Lie subgroup of [/(J^ ® J^). Therefore it makes sense to 
speak of smooth principal Pt/CJff )-bundles. In this paper we will only consider two 
classes of principal Pt/CJ^J-bundles, those that are smooth and those equipped with 
compact-open topology on their fibers. A middle thing between the two is as far 
as the techniques in this paper are concerned too impractical to perform general 
calculations and a too restrictive class to be able to use in any examples. 

If P and P' are two principal Pi7(Jf )-bundles overX the fiber product P XxP' is 
a principal PU{M') x Pi7(J^f)-bundle. On the level of infinite-dimensional Azumaya 
bundles overX we have that J^r(P x^P') = J^r(P)®j5(. J^r(P'), which is given by taking 
the fiberwise C*-tensor product. If is infinite-dimensional we can choose an 
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isomorphism ^ ®^ = ^ which defines a homomorphism i7( J*") x [/( J^) J7(J^) 
that acts as multiphcation on the centers. Hence, on the level of cohomology, this 
mapping induce the addition in H^(X, Z), i.e. the Dixmier-Douady invariant of 
V XxP' under the isomorphism ® = is given by 5(P) + 5iP'). Clearly, since 
P P°P is a trivializable principal bundle 5[P°p) = -5(P). On the level of Cech 
cocycles this implies that there is a Cech cochain (c„) with values in [/(^ ® M') 
such that Cap®c^ = c^Cp . 

2.1. Example: T-duality. An interesting way to construct a continuous trace 
algebra that we shall see fits very well together with our symbol calculus is via 
T-duality. The T-duality construction produces a duality between continuous trace 
algebras over the total space of a principal S^-bundle and its crossed product by 
R. Mathematically, T-duality is described by the Raeburn-Rosenberg theorem 
from [55]. If 71^ : Z ^ X is a principal S^-bundle and P ^ Z a principal PU{J^)- 
bundle, there is a principal S^-bundle : X and a principal Pi7(J^)-bundle 

^ Z'^ such that C(Z, jr(P)) IK R ^ C{Z^ ,X{P'^)). The T-duals Z^ and 5(P^) 
are determined by 

(7r^),5(P) = Ci(Z^) and (7rJ),5(P^) = qCZ). 

Observe that R do a priori only act fiberwise on Z, but the lifting lemma from 
P5] for R-actions on continuous trace algebras allows us to lift the R-action to 
C(Z, Jj!r(P)). Existence of the Connes-Thom isomorphism implies that C(Z^, J^^(P^)) 
has the same JC-theory as C{Z,J(f(^P)) up to a degree shift. We will focus on the case 
that P is trivial and consider the continuous trace algebra C(Z) K R over X x S^. 

In order to construct symbols we will need to understand the local structure of 
such a continuous trace algebra well. First, let us consider the most trivial case, 
that is, Z = as a bundle over a point. If e R/Z = we define 



J^e := {/ : R ^ C : /(t + 1) = e^'^'VCf), 



\ffdt<<x}. 







Letting the parameter e vary, we may view the collection (^g) as a continuous 
field of Hilbert spaces H ^ S'^ with fiber being L^(0, 1). In fact, a trivialization is 
given by simply restricting an element of J^g to (0, 1), the inverse is given by 
extending to R according to /(t + 1) = e^^VCO- Let : C(S^) IX R ^ ^i^g) be 
defined on a e Q(Si X R) by 



a(t,t-r)/(r)dr : 




Since a has compact support in its second variable, the sum is finite so the integral 
kernel of ?^gia) is continuous and therefore defines a compact operator. There- 
fore, a —> [6 Ag(a)), as a mapping A : C(S^) K R ^ C(S^, J^^(H)), produces an 
isomor phisni C(Si) x R= C(S\jr) after trivializing H. 

A remark that will play an important role in later chapters is that if a e C^{S^ x 
R) then Ag(a) is a smoothing operator and A defines a morphism on the larger 
algebra S^CS^) of pseudo-differential symbols on of order m < after composing 
with the Fourier transform in the fiber direction. If a e 5^'(r*S^) = 5^'{S^ x R) 
we let ^2^'^) denote the Fourier transform in the second variable, i.e. in the fiber 
direction. If a e S^CS^) then e ^(CCS^) ix R). Hence the mapping 

A(a) := K^2Wl 

is well defined since A extends to the multiplier algebra. This operator-valued 
section's action on elements in M'g can be described rather simply in terms of 
a pseudo-differential operator. Observe that if a e S'"(S"^) the operator Ao(a) e 
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^(•^o) — UBiL^iS^y) is the pseudo-differential operator on defined from a. Let 
Uq : M'q —> Mq = i^(S^) be the unitary defined from the measurable function 
6 e"'®. If we expand an / e Jtg in a Fourier series /(t) = '^j^Cj^e^^^^^'^^^'' and 
apply Ag(a) one arrive at the expression 

(14) Xeia)fit) = J^ait,2nik + e))c,e^^'^''+'^' = u;XoiaeWef(.tl 

k 

where the symbol Ug e S'"(S^) is defined as ae(t,u) = a(t,u + 2n9). Prom this 
observation the next Proposition follows. 

Proposition 2.1. The mapping A : S'"(S"^) —> C^^S^ , ^)S(JK)) is multiplicative up 
to lower order terms, i.e. A(ab) - A(a)A(b) e A(S'"+'"'-HS^)) for a e S'"(S^) and 
beS'"'(Si). 

The mapping A has exactly the right equivariance properties to glue together over 
a principal S^-bundle. In the general case, let Z ^ X be a principal S^-bundle. We 
can choose a sufficiently fine cover ([/„) ofX and a Cech cocycle (u„^) e ZH([/„),S^) 
defining Z . Therefore 

C(Z) ^ {(aj e eC(!7„ x S^) : a„(x, f) = Opix, t + u„^(x))}. 

In the same way, the crossed product with IR can be considered as a gluing of the 
algebras C[Ua x S^) \x R. So C(Z) X IR is the norm closure of the algebra given 
by all elements in the convolution algebra (a„) e ®C(.([/„ x S'^ x IR) satisfying the 
gluing condition a„(x, t, r) = Op^x, t + Ua^^x), r). We shall now see what happens 
to the gluing condition after applying the isomorphism id(8iA : C([7„xS^)l><IR = 
C(_Ua xS^,Jtf{n2^)), where : x — » S-' denotes the projection onto the second 
coordinate. 

Choose a Cech cochain (Uap) e C^((t/a), IR) that lifts (ii„p), i.e. u^p = u^p mod %. 
Define the section c^p : nUp x S'^ -> U(nlll) by 

(15) c„p(x,e)fit):=f(t + u^p(x)), fej^i^e- 

For a e x x R) the gluing condition on id ® A(a) is exactly that for / e J^g 
(16) 

(id(8iA(aJ(x,0))/(t)= a„(x,t,t-r)/(r)dr = 

Jr 

ap(x,t + Uap(x),t-r)f(r)dr = 

Jr 

= QjsCx, t + u„p(x), (t + u„p(x)) - r)/(r - u„^(x))dr = 
Jr 

= c,p(x, 6) (id ® A(a^)(x, 6)) c„^(x, 0)7(t) 
It follows that the gluing condition on (id 8 ACa^)) is exactly 

(id ® A(a„))(x, 0) = c„pix, 6) (id ® A(ap)(x, 6)) c„pix, Of 
A consequence of this calculation is the identity 

r „r„ r fx R') = p2Kie(a„p(x)+fip (x)+fir„(x)) 

The right hand side defines an S^-valued Cech 2-cocycle on X x S^. The cohomology 
class' image under the Bockstein mapping H'^iX x 5^,5-^) — > H^(X x S^,Z) is by 
definition the Dixmier-Douady invariant of C(Z) X R. 
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2.2. Example: fiberwise magnetic translations. This example is much moti- 
vated by [5S]. We will assume that F is a discrete group acting properly on the 
complete Riemannian manifolds Z and X and that these manifolds fit into a smooth 
fiber bundle M ^ Z — >X for a smooth compact manifold M. The manifolds Z and 
X are not assumed to be compact. We will make a rather strong assumption on this 
bundle; we will require that tt^ is isometric, equivariant, admits a smooth global 
section s : X — > Z and every x e X is contained in a F-invariant open set [/^ such that 
there is a F-equivariant isomorphism of fiber bundles K^[l]^ = U;^ x M for some 
F-action on M. The manifold M is assumed to be simply connected. We will also 
make the rather strong assumption that the F-action on X is properly discontinuous 
and cocompact. Consequently, the actions on Z and X are free. This assumption 
guarantees that there is a cover ([/„) of X such that each [/„ is F-invariant and that 
there are open sets U° such that rU° n {/° = if y 7^ 1. We can write = F[/°. We 
can choose this cover so that U° and the connected components of [/„ n always 
are diffeomorphic to the unit ball. We will also fix a collection of F-equivariant 
diffeomorphisms /„ : tt^-^CL/^,) ^ x M. 

From the local trivializations we can construct a first order operator Df^ on 
differential forms Z which acts as vertical differentiation. The operator D^^ is F- 
equivariant since each is. We can split T*Z = k*^T*X ® T^Z into a horizontal 
respectively vertical part. The extra data that we will choose, from which we can 
construct an Azumaya bundle on X/F, is a vertical form 17 e C°°(Z, T^Z) such that 
the 2-form D^V ^ C°°iT*Z , A^T^Z) is F-invariant. 

The 1-form 7*17 — 17 is in the kernel of Df^ since Df^rj is F-invariant. Since we 
have assumed that M is simply connected there is a unique solution (f^ e C°°(Z) 
to the differential equation 7*17 — 17 = Dj^^ip^ satisfying the condition s*ipy = 0. We 
define a projective F-action on C(,(X, L^(Z|X)) by 

That 7 is a projective action follows from a straight-forward calculation lead- 
ing to that the expression ip^ + y*^y' — ^Pyy' is constant on the fiber. One has that 
r^r^/ = q{j,Y')TYj' where q is the C°°{X, L/'(l))-valued 2-cocycle on F defined by 

Similarly to in [3S] we define a F-action on C(,(X, J^^(L^(Z|X))) by the adjointing 
with Tj. A prototypical example of a twisted equivariant (unbounded) operator- 
valued function on X is the operator := Dj^ + 117 acting between suitable bundles 
of forms. Let us remark that the isomorphism class of this F-action only depends on 
r] modulo kerCD^ : C°°iZ,T^Z) C°°[Z,A^T^Z)). Let /i : H*(F, C~(X, [/(I))) ^ 
H*+H^/r, denote the composition of the natural mapping H*(F, C°°(X, [/(I))) 
H*iX/r, Uil)) with the isomorphism H*(X/F, !7(1)) = H*+H^/r, K). 

Proposition 2.2. There is a principal PU{L^{M))-bundle P^^^ ^/T, contin- 
uous in the compact-open topology on PU[L^[M)), such that C(^X /r,Jt[P^^)) = 
Cb(X, jr(L2(z|X)))r and SiP^^^) = ^Ji[g]. 

Proof. First of all it is clear that C^iX,J^iL^iZ\X))f is a continuous field of C*- 
algebras over X/F. We must show that every point x eX/F has an open neighbor- 
hood over which this field is trivializable with fiber J^r(L^(M)). Let us take an a 
such that X e U^/F, with ([/^) being a cover of the type described above. Since F 
acts properly discontinuous onX, we have a Co([/^/F)-linear isomorphism 

given simply by extending functions U° J^^(L^(M)) to F-invariant ones. This 
implies that the field is a locally trivial bundle and there is a corresponding frame 
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bundle P^^jj — > X/F. Since the action of F is strictly continuous it is clear that 
Pz^yf — >X/F is continuous in the compact-open topology. □ 

2.3. The algebra of projective symbols. We will now proceed with defining 
the algebra of projective symbols. Following the notations of Section [1] ii P X 
is a smooth principal PL/'(J^)-bundle defined from the Cech cocycle (c„^) we define 
the algebra of projective symbols of order (m,p) as 
(17) 

S-^-PCX, jr(P)) := {(aj e S^S-'PCL/,,, jr(J^)) : aJu^r,u,^*c,p = 7r*c„^a^lu„n[/,}- 

We will equip this ^-algebra with the homology induced from the bornological alge- 
bras J^r(J^)). The Cech cocycle 7i*Cap only depend on the base coordinates 
so the estimates ([I])-© are invariant under applying transition functions. There- 
fore we can describe elements of ^'"■''(X, jr(P)) as sections a e C°°[T*X, 0Sin*P)) 
satisfying the estimates (HJ-® in local coordinates, li U C. X is open we define 
S^'^'CU, jr(P)) as the elements of ^'"■''(X, jr(P)) with support contained in n~'^iU). 
If P is trivializable over U then this trivialization clearly extends to a trivialization 
E;"'P(i7, jr(P)) S T.'^'P{U,J^). We also define 

s^"J-''(x,jr(p)) : = E^-f-Cx, jr(p))n c~(r*x, dsin*p)) = 
= s^'f (X, jr(p)) n ■~(r*x, ^p(7r*p)). 

The equality follows in exactly the same fashion as ProDOsition ll.il 

An important subalgebra of the symbol algebra is the subalgebra of classical 
symbols. Assume that k is a continuous action of on J^r(P) as strictly con- 
tinuous bundle automorphisms. A symbol a e I1'"'P(X, J^r(P)) is said to be ho- 
mogeneous if a(x, = A"'(c(A)(a(x, (^)) for large ^ and A > 1. If we for a very 
large JV can find Qq, a^, . . . , a^_;^, with aj G E'"~-''P(X, J^^(P)) homogeneous, and a — 
Xiaj e i;'"-'^'''(X, jr(P)) we say that a is classical. The subspace S™'^(X, jr(P)) C 
E'"'P(X, J^r(P)) of classical symbols forms a subalgebra. We have an inclusion 
S[!J'P(X, J^r(P)) C i;^'''(X, J^r(P)) since a compactly supported symbol is homoge- 
neous of any order by definition. Again, the action k does not play an important 
role for the calculus and we will assume that k is trivial. 

The classical symbols form a much smaller class of symbols, but for the purpose 
of index theory they capture the entire picture. Later on we will consider ellip- 
tic operators, that is, symbols invertible outside a compact subset of T*X. The 
following Proposition is proved in precisely the same manner as Lemma 11.61 

Proposition 2.3. If a e 11°'^ (X, Jir(P)) is invertible outside a compact subset, there 
is a smooth path (ajjgfo.i] ^ S°'i'(X, jr(P)) + Cf ■~(r*X,ifP(7r*P)) of symbols in- 
vertible outside the same compact with e S^'^'CX, jr(P)) + Cf ■°°(r*X,i?''(7T*P)) 
and a° = a. 

Motivated by Proposition [TT^l we define 

Ef(x,jr(p)) := s°;^(x,jr(p))/ (s;/'f(x,jr(p)) + E°'f(x,jr(7i*p))) . 

We can consider SP(X, jr(P)) as a subalgebra of C°°(S*X, 0S[ti*P)) via the symbol 
mapping. We will define E(X, jr(P)) as the C*-algebra closure of S^'CX, jr(P)). Let 
S(X, jr(P)) denote the C*-closure of S°;^(X, jr(P)) in Cf,(r*X, ^(7t*P)). 

Proposition 2.4. The C* -algebra T,{X,X{Py) is homotopic to C{X,9B{Py). 

Proof. Since C°°(X, ^(P))_C S°'P(X, jr(P)) there is an inclusion C(X, ^(P)) C 
S(X,jr(P)). Define ttq : S(X,jr(P)) C(X, ^(P)), a ^ {x ^ a(x,0)). The *- 
homomorphism is clearly well-defined since it is the restriction of a *-homomorphism 
C^{T*X, ^M[n*P)) C(X, ^^(P)). The mapping tcq is a right inverse to the inclusion 



18 



MAGNUS GOFFENG 



C{X, ^(P)) c Jf!r(P)) and the composition with this inclusion is homotopic to 
the identity on jr(P)) via tTj (a)(x, ^) := a(x, t^). □ 

Lemma 2.5. T/iere is an isomorphism C(X, ^(P)) = C(X, jr(P)) ® ^ . 

Proof. If we take choose a Cech cocycle (c„^) e Z^((i7„),Pi7(^)) to represent P, 
we may identify 

C(X, ^(P)) ® = {(a„) G C([/„, ^ ® JT) : a„(c„^ ® 1) = (c„p ® l)a^} and 
C(X, jr(P)) ® ^ = {(b J G C([/„, ^ ® JT) : ® c„^) = (1 ® c„^)b^}. 

The bundle P x^P"^ is triviaUzablc, so there is a Cech cochain (c„) e C°((!7„), [/(J^® 
J^)) such that Cajg O (c*jg)°^ = c*c^, or equivalently; 

CaCCa/3® l) = (l®c„p)c/3• 
Therefore, if e C(X, jr(P))® ^ then (c*b„c„) e C(X, ^(P))® JT. This defines 
the sought after isomorphism. □ 

Proposition 2^6. We have that jr(P)) = C(X, ^(P)) + C(S*X, jr(7r*P)) anrf 
the C* -algebra Jir(P)) /its into the short exact sequence 

^ Co(r*x, jr(7r*p)) ^ jr(p)) ^ jr(p)) ^ o. 

Proof. The inclusion jr(P)) C C(X, ^(P)) + C(S*X, jr(7r*P)) is obvious since 
the variation of a symbol in J^r(P)) in the fiber directions is compact. The re- 

verse inclusion is also obvious since C°°(X, ^(P))+C~(S*X,^i(n:*P)) ^ S^'CX, jr(P)). 
The symbol mapping a : (X, jr(P)) ^ C°°(S*X, ^(7r*P)), whose image is T,p(_X, Jr(P)), 
has kernel T,~^'^iX,J^(^P)) + T,°fiX,J^iP)). It is clear from the estimate © with 
a = 0, which is allowed for m < 0, that 

(X, jr(p)) + cf ■°°(t*x, if p(p)) n jr(p)) c Co(r*x, jr(7T*p)). 

The embedding is clearly dense, since the left hand side contains the dense sub- 
algebra C^{T*X,.^^[n*P)). The image of the extended symbol morphism a : 
jr(P)) jr(P)) is dense, thus a is surjective. □ 

A consequence of this Proposition is that the gluing construction P7|) of the 
symbols of order (m,p) also can be carried out for the principal symbol C*-algebra 
sex, jr(P)) and jr(P)). As in section[T]we have the result: 

Lemma 2.7. The dense embeddmgs S^CX, jr(P)) C S(X, jr(P)) and T,°fiX,^[P)) C 
S(X,J^r(P)) are isoradial. 

Now, let us turn to general principal Pi7(^)-bundles. The C*-algebra of sym- 
bols can after some minor modifications be defined also in this setting. We let 
Q(r*X, J^r(7r*P)) denote the algebra of sections T*X Jif[n*P) that admits radial 
limits in norm topology. We define the C*-algebras 

s„(x, jr(p)) := c,(r*x, jr(7i*p)) + ^(c(x, jr(p))), 

S„(X,jr(P)) := C(S*X,jr(n;*P)) + .^(C(X,jr(P))). 
The same kind of results as above holds also for this pair of C*-algebras but with 
C(X, ^^(P)) replaced by the multiplier algebra .^(C(X, J^^(P))). In the case that 
P is trivial, recall that .^(C(X, ^)) is the algebra of continuous functions to ^^ 
equipped with its strong topology, see [T]. There is a short exact sequence 

(18) - Co(r*x, jr(7i*p)) - s„(x, jr(p)) - s„(x, jr(p)) - o. 

and S„(X, jr(P)) is homotopic to .^(C(X, jr(P))). 

In the case that P is defined from a set of mappings : U^p U{M') that 
are smooth as mappings c^p : U^p — > SS^J^rC) in the strong topology, we can also 
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define smooth symbols in this setting. Smoothness of symbols defined in this way 
of course depend on the choice of the mappings . In the examples we consider 
this notion is useful since such a choice comes naturally from local trivializations 
of the underlying geometries. 

2.4. Remark: Loop group Dirac operators. One of the most studied principal 
PU'(J^)-bundlcs, which has attracted much attention from the physicists, comes 
from projective representations of loop groups. If G is a compact, connected, sim- 
ply connected, simple Lie group the group H^(G, Z) as well as Hg(G, Z), with G 
acting by conjugation on itself, is free of rank one. The Pi7(J^)-bundle associated 
with the generator, known as the Wess-Zumino-Witten term by physicists, can be 
constructed from a projective representation of the loop group of G. If is a 
projective representation of the loop group 5£G and ^G denotes the path group, 
then x^g xPi7(j^) ^ G is a G-equivariant P[/(J^)-bundle. 

A celebrated result of Freed- Hopkins- Teleman [Ij calculates the equivariant K- 
theory twisted by the Wess-Zumino-Witten term in terms of the Verlinde algebra 
of the Lie group. This construction does in a very straightforward factor over 
the equivariant K-theory of S°'^+(G, jr(P)) since the loop group Dirac operator 
implementing the Freed-Hopkins- Teleman isomorphism squares to an operator that 
behaves as a first-order elliptic operator on the circle (see Lemma 2.45 and (3.36) of 
[TTj). Verlinde algebras are finite so these equivariant twisted JC-homology groups 
and twisted K"-theory groups are always torsion groups. It follows from Theorem 
3.4 of [IH] that also the non-equivariant twisted JC-theory groups of these types of 
Lie groups are torsion groups. Thus, both the equivariant and the non-equivariant 
index pairing vanish in this case. 

2.5. Example: Constructing projective symbols on T-duals. To give exam- 
ples of how to construct projective symbols we turn to the T-dual bundles of section 
12.11 The construction of symbols on the T-duals is merely a usage of the extension 
of the isomorphism A. Most calculations can be made explicitly on the T-dual 
projective bundles using ordinary index theory for pseudo-differential operators on 
circle bundles. This Pi7(L^(S^))-bundle is not smooth, since the cocycles are not 
norm continuous. We will however introduce an artificial notion of smoothness in 
this setting. 

Recall the setup from section 12.11 we have a principal S^-bundle Z X and 
the T-dual principal Pi7(L^(S^))-bundle P^ x sMs constructed so that C(Z) K 
R = ax X SS jr(P'^)). We win fix a finite cover (i7„) of X, trivializations /„ : 
n~^[Ua) —^U^xS^ and a Cech cochain (Uq^) e C^[[Ua),ICj such that fafp^ix, 6) = 
[x,6 +iL^p[x)). The collection of this data will be denoted by it. A section a e 
C(X xS\ J^r(P^)) is said to be smooth if it comes from a collection (a„) e ®C°°({7„ x 
S^,J>if) and satisfies the cocycle condition with respect to the projective unitary- 
valued cocycle (IT5|) . We will denote the Frechet algebra of smooth sections by 
C°°(X X S\jr(P^)), this is a dense isoradial subalgebra of C(X x S^, Jf!r(P^)). 

Let us now construct symbols on P-*^ by using symbols on Z x S^. We can 
define the symbol algebras S™' ^(X xS\ jr(P^)) and S[j(X xS\ jr(P'')) with respect 
to iX. Observe that these are not norm dense in Ilco(^ x S^,Jif{P^)) respectively 
Il(.o(X X S^,J^[P^)), but nevertheless the embeddings induce isomorphisms on K- 
theory. 

If a is a pseudo-differential symbol of order m on Z x S^, i.e. a e S'"(Z x S^), 
we can write a = Xjez a;e^'^''® with a; e C°°(r*Z x R). We have local coordinates 
(x, t, 6, ^,s,u} on r*(Z xS^), with (t,s) being coordinates in the vertical direction of 
the circle fiber and its cotangent direction and similarly (0,u) are coordinates on the 
trivial circle direction and its cotangent direction. We can write a = a{x, t, 9, ^,s,u) 
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and a; = ai[x,t,E,,s,u). Locally we define the function a := a{x,0,E,,s,t,u). The 
locally defined ^(H)-valued section (x,6,^,s') (id® Xg)(a)[x,6,^,s) can by the 
same calculation as in ((T5)) be shown to glue together to a global element q7-(a) e 
M{Cq{J*{X X S^), J^r(P^))) and that the construction of <\j{a) does not depend on 
the choice of coordinates. We can write this out more explicitly by letting q^Ca) 
act on an / e J^g as 

c 

(19) qrM(«,e,5,5)/(t):= 



^i,a{x, t,6,^,s,t- u)/(u)du = 

ffi, 

J?-5a,(x, t, ^,s, t + k-l- ii)e2"''V(")du, 





here ^5 and ,^5 denotes Fourier transform in the sixth respectively fifth variable. 
The section qjia) is constructed from gluing together local sections of the form 
id® A(a) and while these local sections, by are unitarily equivalent to fiberwise 
defined operator-valued symbols we can conclude the following: 

Proposition 2.8. IfZ —^X is a principal -bundle with T -dual principal PU{L^{S^)) - 

bundle X x , q-j- defines a linear mapping 

q, : S-CZ X Si) - S^'i+(X x jr(Pj). 

There is a very simple example of a T-dual, consider the S^-principal bundle 
S^. Compare with Example 4.6 of Let us view as two unit discs 

Dj_,D_ C (C glued together along the boundary and as x glued together 
with D_ X along the mapping x ^ dD_ x S^, (z, t) (z,zt), where 
we view as the unit circle |z| = 1 in (D. Therefore, the cocycle condition on 
a+ e a_ e x x R) e Q(D_ x x R) is that a+(z, t,s) = a_(z,zt,s) for 

|z| = 1. Observe that with this choice of cocycle, to glue together the field of 
Hilbert spaces J^fg over x one would need sections that have monodromy e^"'^ 
when going one way around the equator in x {Q}. 

2.6. Example: Symbols on the twisted group action of section 12.21 Recall 
the principal PL/'(L^(M))-bundle P^ ^j —^X/F constructed above in section We 
will speak of smooth sections in terms of smooth equivariant sections on X. So if we 
choose the data il consisting of a cover and equivariant trivializations as in section 
[Owe can speak of smooth sections C^iX,JiriL\Z\XW C C(X, jr(L2(z|X))) and 
we can also define jr(L2(Z|X)))''as the elements of C~(X, jr(L2(7|x))) that 
satisfies the estimates ([I])-®. Since F acts isometrically then F acts on this algebra 
of symbols. The symbols of order (m,p) over P^ ,j —^X/F is defined as 

s;7(x/F, jr(p^,^)) := s;7(x, jrCL^czix)))^. 

One natural way to obtain a F-invariant clement of S^'^(X, J^^(L^(Z|X))) is to 
start with an elliptic operator @ on Z that commutes with the projective F-action. 
That ® commutes with the projective F-action means that e"^''7@ = ®e"^''7. Us- 
ing functional calculus we can define := @(1 + ^*^y^^^ which is a zero order 
elliptic F-invariant pseudo-differential operator on Z. Since M is compact there is 
an operator- valued symbol on X defined from F^ which is a F-invariant clement of 
T.°fiX,JiriL^[Z\X))) for any p > dim(M). 

2.7. Jf-theory of the projective symbol algebra. If P ^ X is a principal 
Pt/(J^)-bundle with Dixmier-Douady invariant co the K-theory J<:^(Co(X, J^r(P))) 
is an invariant of P and in fact K^[Cq(X,J^{P))) is determined up to isomorphism 
by X and oj. We will denote a choice of isomorphism class by K*{X, co). The isomor- 
phism between different choices of representatives for K*{X, co) is unfortunately not 
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canonical. Twisted K-theory is a rich invariant carrying many similarities with or- 
dinary topological K-theory. For instance, if P,P' are two principal PU'(J^)-bundles 
the isomorphism J^r(P) ®x -^[P') = -^[P Xx P') defines a cup product 

K*iX, 5(P)) X K*[X, 5(P')) ^ K*iX, 5(P) + 5(P')). 

The cup product makes every twisted K"-theory group over X a module over K*(X). 

If a e Jj!r(P)) is an elliptic projective symbol we can define a symbol class 

H[a] e K°(r*X, 7T*5(P)) = KJC(C,Co(T% jr(P))), the construction can word by 
word be generalized to any elliptic a e S^qCX, J^r(P)). The abstract approach is 
to use Proposition 12.31 and Proposition 12.61 With a we can associate a classical 
symbol by Proposition O and a class [a[a°)] & K-^[T.P[X,X'[P))). Then we may 
let S[a] be the image of [o"(a'')] under the boundary mapping coming from the 
short exact sequence of Proposition 12.61 

The direct construction of the symbol class S[a] is to take a parametrix r G 
E°'P(X,jr(P))toa. That is, ar-l,ra-l ^ C^iT*X,^{'n:*P)). The JCK-class S[a] e 
KK[€,CoiT*X,:>irin*P))) can be represented by the even C - Co(r*X, jr(7r*P))- 
Kasparov module (Co(r*X, jr(7T*P) ® C^),F„) where (D^ is graded via 1 ® — 1 and 

e .^(Co(T*X, jr(7i*P) ® C^)) is defined in terms of the matrix 

Analogously, we can define the "odd" symbol mapping S : KQ[T,[X,Jr^[P))) 
K^[T*X, 7T*5(P)) either in terms of Proposition [^751 or in terms of Kasparov modules. 

Theorem 2.9. The symbol class mapping S : JC*(S(X, Jr(P))) K*-^{T*X, n*5{Py) 
associated with the short exact sequence of Provosition [KB\ is an isomorphism. The 
sam,e statement holds for the compact-open symbol class mapping K^{T,,.g{X, J^r(P))) — 
K*~^{T*X ,n* 5{Py} associated with the short exact sequence (|18p . 



Proof. If we take the six term exact sequence of the short exact sequence of Propo- 
sition the first statement of the theorem follows if K^(S(X, J^r(P))) = 0. By 
Lemma [231 jr(P))) = J<:,(C(X, ^(P)). But C(X, ^(P)) is Morita equiv- 

alent to C(X, J^r(P)) ® by Lemma 12.51 so the Kiinneth theorem implies that 
K^(C(X, ^^(P)) = 0. The second statement of the theorem follows in a similar 
manner since Jr(P))) = K^{.M{C{X, Jr(P)))) = 0. □ 

2.8. Tviristed Chern characters of projective symbols. We will now turn to 
the homological picture that will give us Atiyah-Singer type formulas for the twisted 
index pairing. Let us recall the definition of twisted de Rham cohomology of a 
smooth manifold X. Assume that f2 is a closed 3- form onX and define the differen- 
tial operator d^ := d— satisfying d^ = 0. The twisted de Rham cohomology Hjj(X) 
is defined as the Z/2K-graded cohomology of the Z/2K-graded complex of differ- 
ential forms on X equipped with d^. The vector space is finite-dimensional 
which is easily seen from Hodge theory and the isomorphism class of ■H'*(X) is 
determined by the de Rham class of fi. 

The twisted Chern character is a natural mapping chp : K*{X,5{Py) —>■ Hjij(X), 
where f2 is a certain 3-form representing the image of 5(P) in de Rham coho- 
mology. The twisted Chern character can be constructed either using the spectral 
sequence of Atiyah-Segal, see [3], or a generalization of Connes-Hochschild-Kostant- 
Rosenberg theorem due to Mathai-Stevenson, see [SS]. In the compact-open topol- 
ogy one must settle for the spectral sequence construction. In the smooth set- 
ting, the twisted Chern character is defined as the periodic Connes-Chern character 
ch,, : K,(C~(X,^i(i'))) ^ HP^iC°°iX,^'^[P))) composed with a natural transfor- 
mation HP.^iC'^[X,.^^[P))) H*(X). We refer the reader to the construction in 
[Ml. The twisted Chern character behaves much like the usual Chern character. 
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Lemma 2.10. The Chern character ch^ : K*(X,a>) — > H*(X) is multiplicative in 
the sense that for any [a] &K*{X,co) and [E] &K*[X,Cl>') we have that 

cK+ALa] U [£]) = ch„[a] A ch„,[£] e H*^^,(X). 

The Lemma is a direct consequence of the construction in [35] and Corollary 2.8 
of [T5], the latter result stating that the Chern character on generalized cycles is 
multiplicative. 

On an abstract level, we can define the Chern character on the projective prin- 
cipal symbol algebra chp : J^r(P))) H* ,„{T*X) as the isomorphism of 



Lemma [2.9l composed with the Chern character ch^.p, using either of the two twisted 
Chern character depending on whether P is smooth or not. However, the nature of 
the projective symbols allow us to construct it explicitly when P is smooth using 
the generalized Connes-Hochschild-Kostant-Rosenberg theorem and the regulariz- 
ing techniques of 1:31. and 132 . This of course depend on the following lemma. 

Lemma 2.11. For any invertible a G S^(X,J^^(P)) there is an invertible Qq g 
C°°(X, ^(PSP)) such that 

(a e 1) - n*ao e C^'°°[S*X, ^p{P P)) n TF{X,X{P P)). 

3. The index pairing with twisted K-theory 

We will in this section construct twists of pseudo-differential operators with val- 
ues over a principal Pi7(J^)-bundle by projective bundles over the opposite Pi7(J^)- 
bundle, i.e. projective modules over the corresponding continuous trace algebra. 
The index theory of these operators defines an index pairing between the K-theory 
of the projective principal symbol algebra and the opposite twisted K"-theory. This 
index pairing coincides with the twisted index pairing and using Theorem 11.101 the 
index can be calculated by means of an Atiyah-Singcr type index theorem. The 
main idea of this section can be read out from the following commuting diagram 
where all arrows are isomorphisms: 
(20) 



K,_i(S(X,jr(P))) 




KJC,(c(x,jr(p''f )),€)) 



In |6j the Atiyah-Singer index theorem was attributed to the upper right part of this 
commuting diagram. The mapping /i, denotes the assembly mapping of |11) . PD is 
Poincare duality that maps an element to its external product with the spin'^-Dirac 
operator on T*X, see more in [33]. In even degree, when P is trivializable, PD is 
implemented by choosing an operator from a difference class on T*X. The "choose 
an operator"-mapping Op^. is just as in the classical setting the construction of 
an operator from a symbol. We construct this mapping in the subsequent section 
and we prove in Theorem 13.31 that Op^ makes the lower triangle in the diagram 
commute. 
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We will only make use of the lower triangle in this paper. The full diagram 
is similar to the solution of the index problem for hypo-elliptic operators in the 
Heisenberg calculus, see the diagram in Section 1.3 of [7]. Constructing the clutch- 
ing mapping c and the de-clutching mapping 5^, i.e. representing our classes in 
geometric K-homology, would produce more natural solutions to the index prob- 
lem. The clutching mapping c, in the case of trivializable P, associates a geometric 
cycle with an elliptic complex over T*X and solves The Index Problem, as defined 
in [B], for elliptic pseudo-differential operators. For trivializable P the de-clutching 
mapping is more or less taking the fiberwise Dirac operator. More precisely, if 
(M, £,/) is a geometric cycle over X and / is smooth, we factor / over an embedding 
into X X , for a large N, and the trivial fiber bundle X x X. A represen- 

tative of 5(M,£,/) is given as the operator- valued symbol constructed in terms of 
fiberwise defined operator- valued symbol on X of the operator on X x S'^ —^X given 
by the external product of the spin^-Dirac operator on M twisted by E and the 
fiberwise spin'-Dirac operator on the normal bundle of M in X x S'*'. In general, 
c and ^ are very hard to construct. An explicit construction of ^ and its inverse 
seems vital to understand the index theory of projective operators. 

3.1. Choose an operator construction. To associate homology classes with 
elliptic projective symbols we must construct operators from symbols. We will 
construct this as a linear mapping t : ^'"■^'(X, jr(P)) 9^{L\X,y£' ® M'*)) in 
the norm smooth setting. We will show existence of such a linear mapping in the 
general case, but the construction is in practice quite complicated and uses complex 
analytic methods. 

The main idea in the operator construction is to represent our symbols on the 
Hilbert-Schmidt sections of the Azumaya bundle. If P ^X is a principal Pl]{M')- 
bundle there is an isomorphism : C{X,^{P°p) ®x - C{X,Jif ® JT). Since 

this isomorphism is C(X)-linear we obtain the following Proposition. 

Proposition 3.1. The isomorphism extends to isomorphisms 

(p : C(X,jr(P''P))®c(x)S„(X,jr(P))^S„(X,jr)®jr and 
if: : C(X,jr(P''P))®c(x)S(X,jr(P))^S(X,jr)® jr i/P is smooth. 
If P is smooth we can take this isomorphism to map tensor products of smooth 
sections to smooth functions. 

Let L^(X,i?^(P)) denote the L^-sections of the Hilbert-Schmidt class operators 
over P. There is a representation 71 : C(X, jr(P°P))®c(x)C(X, jr(P)) ^ m{L\X,S£^{P)')') 
by letting C(X, jr(P°'')) act by multiphcation on the right and letting C(X, jr(P)) 
act by multiplication on the left. As a Hilbert space bundle if ^(P) = X x O J^* 
and this isomorphism intertwines n with the pointwise action on L^(X j.yi' ® .y^*^ 
defined from the isomorphism Lp. 

We can now define t for a smooth P. If a e S^'^CX, J^r(P)) the function (p{l®a) e 
C°°(r*X, ^(J^® J^*)) satisfies the estimates 

lia; 5/(^(1 ® a){x, ?)iUc^«^.) < (1 + |?ir-i^i, 

in local coordinates. Thus it makes sense to define 

T(a) := (^(l®a)(x,3). 

For general P the construction of t does not work. One very direct reason for 
this is that t is not bounded in the norm topology. Since X is smooth, we can 
choose a real analytic structure on X and for e > we can construct a Grauert tube 
Xj around X, see more in [5D]. The Grauert tube X^ is a strictly pseudo-convex 
domain in a Stein manifold that contains X as a totally real submanifold and is 
diffemorphic to T*X. We will let n'^ : X^ ^X denote the projection and by H^^dX,,) 
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we denote the Hardy space on the boundary of . By [TB] , integration along the 
fiber Tzl : H^(3Xg) L^iX) is an isomorphism for e small enough. Furthermore, by 
Theorem 5.2 of [20], ttJ intertwines pseudo-differential operators onX and Toeplitz 
operators on dX^ up to lower order operators. That is, if Pg : L^(5Xg) H^(3Xg) 
denotes the Szego projection then for any pseudo-differential symbol a we have that 
7ilP^aP^{7il)~^ — a(x, 3) is a lower order operator. Motivated by this we define 

T„ : S,„(X, jr(P)) - 0Sa\X, ^ ® J^*)), a ^ nl?, ((^(1 ® a)) P^KT^- 

Lemma 3.2. The mappings t and t^^ almost commutes with C(X,J^(^P°^)) in the 

sense that 

i) The commutator [T„(a), (^(b®!)] e J^CL^CX, J^®^*)) for any a e S„(X, 

bec(x,jr(P''P)). 

ii) J/P is smooth, [T(a), 1)] e O ^*)) for any a e 
E'"-f'(X,jr(P)), b&C^-°°iX,^\P°P)). 

The mappings are almost multiplicative relative to C(X,J^(^P°p)) in the sense that 

in) (T„(aaO - T„(a)T„(aO)(^(b ® 1) e jr(L2(x, ® j^*)) /or any a, a' e 
S„(X,jr(P)), faeC(X,jr(P''P)). 

iv) //P zs smooth, (T(aa') - T(a)T(a'))(^(b ® 1) e ^'"^'"'"^■^(X, jr(J^ ® J«'*)) 
/or any a G E'"'P(Z, j;r(P)), a' G ^'"'■''(X, jr(P)) and b e C^'°°(X,^1(P''p)). 

Products with elements of C{X,J^{P°p)) satisfies that 

v) IfP ts smooth, T(a)(^(b®l)evI''"'P(X,jr(J^®J^*))/orani/aeS™-^(X,jr(P)), 
be C^■°°(X,i^'l(^"'''))• 
T'/le two quantizations t anrf T^g are equivalent relative to C{X,J^{P°p)) if P is 
smooth in the sense that 

vi) (T„(a) - T(a))t^(b ® 1) e jr(L2(X,^ O J^*)) /or any a e jr(P)), 
be C(X,jr(P''P)). 

We omit the proof of the Lemma since it follows directly from restricting to 
the local situation where one may use the calculus of section [1] Using the linear 
mapping t^^, or t whenever it is available, we can define the "choose an operator"- 
mapping Op^ : jr(P))) ^ J<:j:,(C(X, JTCP"?)), C). We will denote the 

Hilbert space L^iX,M'®M'*)®€^ hy J^x- This is a graded Hilbert space with the 
grading operator 



It follows from Lemma 13.21 that 

[F„ ,,7T(b)] e jr(J^) and 7r(b)(F_^% - 1) e ) for b e C(X, jr(P''^')). 

Whenever a is unitary, 7T(b)(F„_, - F*^) e Jr(^) for b e C(X, J^CP"?)). If x e 
J^r(P))) is represented by a unitary a with parametrix r we define the 
K-homology class OpsU) ^ KKqCCCX, JTCP''^')), C) as the even Fredholm module 
['n:,M'x,Far)- By Lemma l3.2l v the analytic K-homology class Op-^ix) does not 
depend on the choice of representative for x. 




We define the representation 



7T : C(X,jr(P°''))^ by 7T(b) := (^(b ® 1) (^(b ® 1). 



If a e J^r(P)) is elliptic with parametrix r we define the odd operator 
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When P is smooth we can represent x by an eUiptic almost unitary a e TP'P{X,Jif{P)) 
and by Lemma I3.2l vi the Kasparov operator is operator- homotopic to the odd 
operator 

The Fredhohii module (7t,^,F„ ,-) is finitely summable over C'^'^CX,^? Hf')) by 
Lemma I3.2l iv. 

The even part c : KqCScoC^^-^CJ'))) ^ KJCi(C(X, JTCP"?))) can be defined ei- 
ther by suspension or as follows; represent a class x e JCoC^coC^j-^C^))) by p e 
such that - p,p* - p e Co(T*X, jr(P)) and define Op^U) as the 
odd Fredholm module [(p,L^iX,M' ® M'*),Fp) where 

:=2t„(p)-L 

Theorem 3.3. The mapping Ops : jr(P)) ^ KJC^_i(C(X, jr(P°i')), C) is 

an isomorphism making the lower triangle in the diagram (j20p commute. 

Proof. Following [331 , the mapping PD is defined as the composition of 

K*iT*X, 7i*5iP)) = KK^i(C, Co(r*X, jr(7r*P))) = KKfiC(_X), Cq{T*X, jr(7T*P))) ^ 

^ KKf (c(x, jTCP^p)), Co(r*x, jr(7r*p) jtcp"''))) ^ 
^ KK^Xc{x, jrcp"?)), Co(r*x)) - i^K,(c(x, jr(p°f )), c), 

where the last arrow is pairing with the Dirac operator [D] on T*X. The theorem 
follows from that for an elliptic a e Jf!r(P)), PD o S[a] is represented by the 

Kasparov product of the C(X)-linear C(X, jr(P°^')) - Co(T*X,jr ® jr)-Kasparov 
module (i^, Co(T*X, (g ® C^),(yj(Fa)) and [D]. By Kasparov's index theorem, 
see Theorem 5 of [35] , this product is given by Op^ [a] under Morita equivalence. □ 

3.2. The mapping dual to Op^, and pairing with JC-theory. In this section 
we will study dilations of operators of the form T(a) along a finitely generated 
projective right C°°(X, J^^(P°''))-modulc S. This construction defines a mapping 
es : K,iC{X,Ji^{P''P))) jr(P))) which in a sense is dual to Op^. 

In this section we will assume that P is smooth, the general case works in the 
exact same way replacing t with t^^ and modules over C{X,Ji^{P°P)). These 
indices give a concrete description of the twisted index pairing. Since is a 
finitely generated projective right C°°(X, jr(P°f))-module and C°°(X, jr(P°P)) is 
stable there is a projection pg e C~(X, JTCP"'')) such that <? = p^C°°(X, JTCP"?)). 
It even holds that pg e C'^{X,^'^{P°Py). We will assume that pg is hermit- 
ian since we can represent any K"-theory class by a hermitian projection and set 
[<r] := [pg] eKo(C°°(X,jr(P''P)). Since any class in Kq{C°°{X,:^{P°p)) is a formal 
difference of such classes the construction of the general index pairing follows from 
this special case. 

We define the Hilbert space L^{X,S) := (p{,pg® 1)L'^[X,M' ® M'*) which is a 
closed subspace of L\X,.ye®.X*). Define the hnear mapping ig : E'"'P(X, jr(P)) 

igia) = (pipg ® l)Tia)y(j gy 

It follows from Lemma 13.21 that i g is multiplicative up to lower order terms, i.e. 
compact terms. Let '^^{X,S) denote the linear span of i g{TP'P{X,Ji^{P))) and 
J«XL^(X,^)), which by Lemma is a *-algebra. Let be the C*-algebra 

closure of which clearly does not depend on p. By Lemma [3?^ vi we have 

the equality ^(X,S) = T,„ g[T,[X,JfiP))) + .yiriL^[X,S)). We can also define the 
classical operators ^^jC^, ^) and its C*-closure ^cii^' K follows from Proposition 
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12.31 that any elliptic element in ^(X,^) is homotopic, through a path of elliptic 
elements, to an elliptic in ^^i{X,<^). 

Define the principal symbol mapping ag : ^^i[X,^) J^^(P)) by T^(a) — » Og 

where Qq comes from an asymptotic expansion a ~ ^ a_j in homogeneous terms. 
By Lemma 13.21 we have the short exact sequence 

(21) - ^AL\X, S)) - ^,iiX, S) ^ nx, - 0. 

Using the completely positive mapping z^g it follows that admits a completely 
positive splitting. A consequence of this is the following lemma. 

Lemma 3.4. The extension class [^g] e £xt(Il(X, Jf!r(P))), defined from (|2ip . is 
in the image of the natural mapping 

The association S [*<f ] defines a group homomorphism 

by Lemma 13.41 In fact, the mapping [S] [^^] is given by the external product 
with a JCK-element ^I*. The external product with ^ can be calculated although 
the principal symbol algebra is non-separable due to Lemma 13.41 We will use the 
suggestive notation 

for the quotient mapping. While JC-homology is Morita invariant we can define the 
JC-homology class ^' as the element 

xl/ := [xi/^ (g) id A o o A* e jr(P)) ® C(X, JTCP"''))), 

where (p is the isomorphism of Proposition 13.11 and 'I''^ e K^(S(X,J^r)) is defined 
from the extension ([5]), which is a well defined homology class due to the same 
reasoning as in the proof of Lemma 13.41 

Theorem 3.5. The short exact sequence of Provosition [27S\ induces a well defined 
mapping S* : i<"^(r*X, 7T*5(P)) ^ KK^_i(S(X, J^^(P)), (D) that fits into the commuta- 
tive diagram: 



K,iT*X,7i*5[P)) 




i^,(C(X, JTCpof ))) ^ KK,_,inx, Jr(P)), €)) 

Proof. The short exact sequence of Proposition l2. 61 induces a well defined mapping 
S* : Kq[T*X, 7t*5(P)) £xt(Il(X, J^r(P))), if we can show that this mapping satisfies 
that S*oPD*[<f] = [^g] the Theorem follows from Lemma [3^ Again, this equality 
follows from Kasparov's index theorem which implies that S* o [D] = □ 

Recall the short exact sequence of Proposition Since J^r(P)) is more or 
less homotopic to a stable multiplier algebra the symbol algebra Il(X,Jir(P)) has 
much in common with Co(r*X, J^r(7T*P)). The latter C*-algebra is a Poincare dual 
to C(X,J^^[P°P)), see more in [33], and the results of Theorem 13.31 and Theorem 13. 51 
can be interpreted as coming from this duality. However, since S(X,J^^(P)) is not 
separable it is not a Poincare dual in the usual sense since Kasparov products for 
non-separable C*-algebras can not be constructed in the usual way. 
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Theorem 3.6. Let P — >X be a principal PU{M'') -bundle over the compact smooth 
manifold X. If S is a finitely generated projective C"^(X,J>lf[P°^)) -module and a is 
an elliptic projective symbol over P, the index ofXg[a) is given by 

ind(T^(a)) = ([a]® [^])o^/ = 

= [S]oOpj:[a] = [a]oej:[S] = 

= mdx(,E[a]U[S]). 



In particular, if P is smooth 

ind(T^(a)) : 



chp[a] Achpop[S] A TdiX). 



Proof. The index formulas in K-theory follows from the definition of the index 
pairing, Theorem 13.31 and Theorem 13.51 We have that A*([a] ® [^]) is the cup 
product of [a] and [^]. The index formula in de Rham cohomology now follows 
from Theorem ll.lOi Lemma 12.101 and the fact that S by naturality commutes with 
cup products of elements of twisted JC-groups since these results imply that 



ind(T/a)) = *^o([a]U[^]): 



ch {(f* i[a] U [S])) A TdiX) - 



T'X 



cho2([a] U [S])ATd[X)- 



ch^.pS[a] A chpop [g] A Td{X) ■■ 



ch(S[a] U [S])ATd{X) ■■ 



chp[a] Achpc,p[^] A Td{X). 



□ 



Observe that we in this section rarely use that ^ is a C(X, Jir(P''f'))-module, only 
that ^ is a C(X, jr(P'))-module for a principal PLf(^)-bundle P' such that P x^^-P' 
is trivializable. 

Corollary 3.7. The index pairing between projective pseudo- differential operators 
with values over P and finitely generated projective modules over P°^ expresses the 
index pairing 

K%T*X, 7T*£o) X K%X, -co) K%T*X) ^ 
that is, the following diagram commutes: 

K*iT*X, 7i*co) X K%X, -co) s- jr(P)) ® C(X, JTCP"?))) — JT)) 
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3.3. Index formulas on T-duals. Let us return to the examples of operators 
coming from T-duality. We will in this section calculate the index pairing on the T- 
dual —>-X xS^ of a circle bundle Z —^X in terms of pseudo-differential operators 
on Z X using the mapping qj. of Proposition l2.8l 

The main tool in this calculation is the Thom-Connes isomorphism for ]R — C*- 
algebras A, this is a natural odd JCK-isomorphism t,^ : A ^ A ix R. Originally, in |T2] , 
the Thom-Connes isomorphism was constructed as an isomorphism on K-theory 
but it follows from section 10.2.2 of [13] that the Thom-Connes isomorphism comes 
from a KJC-isomorphism. We observe that due to the naturality of the Thom-Connes 
isomorphism, if A and A are ]R— C*-algebras that are ]R-equivariantly Poincare dual 
to each other then A x R and A ix R are Poincare dual to each other as well. This 
in particular implies that for x e K^,(A) and y e K^(A) then x.y = (.^(x).t^(j), were 
the dot denotes the index pairing K^(^A) x K^(A) K defined from the isomorphism 
K^(A) = K^A) and similarly for A ix R. 

We will use the notation Z°p X for the circle bundle Z but with reversed 
orientation on the fiber. The case of interest to us is A = C[Z°p) and A = Co(r*Z) 
so Ax R = C(X X S\jr(P^-''P)) and Ax R ^ Co(T*(X x S^),J^[n*P'^)). From the 
above reasonings we may conclude the following index formula: 

Proposition 3.8. Suppose a e x S\ J^r(P-'')) is elliptic and pg e C^^X x 

,,^{P^'°^y} is a projection, then 
- 

indz gia)= ch(t-4s[a]) Ach(t-Up^]) A rd(X). 

Jt'z 

An interesting remark here is that since S[a] is of degree and the Thom-Connes 
mapping i is odd, the form ch ^i~^^^,^^'B[a]j is an odd degree form on T*Z. 

When the projective symbol is the T-dual of a symbol on Z x we can calculate 
the index pairing with K*[X X S\ -SCP'^)) = K*-^iZ) exphcitly. The linear mapping 
qj constructed in subsection 12.51 is not a multiplicative mapping, not even up to 
lower order terms. The degree shift in the index formula of Proposition 13.81 comes 
from this fact. If a e S°(Z x S^) is an elliptic symbol with parametrix r, then 
because of Proposition 12.11 we have that 

qrWqAr) - 1, qAr)qAa) - 1 e x jr(P^)) n C^'^^^TXX x S'),^\p')). 

We define the projection Kj-[a) e Sy^'^CX x S\ jr(P'^)) by the formula 

^ (-q) f~ ((1 ~ qr(a)qr('"))^ + 1 (\tM ((1 - qr('')qr(a))^ 
^ " V. ((l-qr('")qr(a))qr('') ((1 - qT('')qr(a))^ 

If p e S°{Z X S^) is an almost projection, that is — p e S~^(Z x S^), then q^Cp) 
satisfies that 

qr(p)' - qr(p) ^ x S\jt[P^))nC^''^[T%X x s'),^\p')). 

We define the elliptic projective symbol Kj[p) e jf^^'^iX x S\ jr(P^)) by 

Kjip) := exp(27Tiqj.(p)). 

Using the difference construction, that associates a class in JC*(r*(Z x S^)) with a 
symbol, Kj induces a mapping 

Kj : K*iT*iZ X S^)) ^ K^iUX x S\ jr(P^))). 

The mapping icj- is defined as mapping the difference class constructed from an 
elliptic symbol a to ['<:r(a)]-[l] e Jiro(S(XxS^ J^r(P^))) and similarly the difference 
class of an almost projection p e S°(Z x S^) is mapped to [k-j-(p)] e Ki{T,{X x 
S\j^iP'))). 
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Before we express kj in terms of the Thom-Connes isomorphism we introduce 
the notation 

A : T*iX X X S^) ^ T\X x S^) 

for projection onto the first coordinates, so 

A, : K*iT*[X xS^x S^), n*5[P^)) K*iT*iX x S^), 7r*5(P^)) 

is integration along the fiber. Observe that if we choose a generator for the circle 
action on Z, the Thom-Connes isomorphism iT'izxs^) can be viewed as a mapping 

K*iT*iZ X S^)) = K*[n*T*X x R x x R) ^ 

^ K*-\T*X X X R X X R, 7r*5(P^)) = K*-\T*iX x x S^), 7r*5(P^)). 

Theorem 3.9. The following diagram commutes: 



Ji:*-Hr*(X X X Si),n;*5(P^)) 



*:*-Hr*(X xS^),7r*5(P')) 



/n particular, if p gS°(Z x S^) zs an almost projection and [E] eiiC^(Z) is given by 
[E~\ = L'^}p[S'^] for a finitely generated projective module , then 



ind(T^r(Kj.(p))): 



ch[p] A A*ch[£] A Td[X). 



r*(zxsi) 



Proof. The diagram commutes by the construction of kj since the odd mapping 
tj-.(2xsi) is constructed as the boundary mapping associated with the same extension 
as kj is, see section 10.2.2 of [T3]. That the diagram commutes merely expresses 
the fact that the difference construction is natural. 

To prove the index formula we use Proposition l3 .81 and that Eokj = A, otj-.j-^^^i-j. 
If p is an almost projection symbol then 



ind(T^T(/Cj.(p))): 



T*Z 



ch (t74s[K>(p)]) Ach[£] A TdiX) = 

ch (t-4A,t^,(^xsi) [p]) A ch[£] A TdiX) = 

ch^.pr (A,t^.(^xsi)[p]) A chpr,„p [S^] A rd(X) : 



T'iXxS'-) 



T'iZxS'-) 



ch[a] A ch (i-i ^^iA*[^^]) A Td(,X) ■- 



ch[a] Ach (A*[E]) ATd(_X). 



T'iZxS'-) 



□ 



If a is an elliptic symbol on Z x S'^ and [E] e JC°(Z) is of the form [£] = t^opE"] 
for a unitary u e C°°(X x S^,i?^(P-'^)), we obtain by the same method of proof that 



indxxsi(S['Cr(a)]u[u]): 



ch[a] AA*ch[£] ATdCX). 
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3.4. Index pairing for the calculus of subsection 12.21 As an example of a 
twisted index pairing tliat docs not come from tire numerical index of a pseudo- 
differential operator we will in this subsection consider the index pairing for the 
bundle P^^^ —^X/V as constructed in subsection l2 . 2 1 when one pairs elliptic projective 
symbols coming from projectively equi variant differential operators on Z with a 
special type of element oi K*(^X /F, coming from fiberwise elliptic projectivly 

equivariant operators on an opposite fiber bundle of Z. For these elements we can 
express the twisted index pairing in terms of the invariant part of an equivariant 
index using the Baum-Connes assembly mapping. 

Assume that Z' — > X is another fiber bundle satisfying the same conditions as 
Z in subsection 12. 2[ with the same M, and that we have choosen a system it' 
satisfying the same conditions and a vertical 1-form 17. We denote the associated 
C°°[X, l/(l))-valued 2-cocycle on F by <;'. We will in this subsection assume that 
[?] + [?'] = in H^(F,C°°(X, [/(I))) and that D is a fiberwise elliptic operator on 
Z' — > X that commutes with the projective F-action. An example of a fiberwise op- 
erator commuting with the projective action on Z' is D^i := Dj^ — 117'. In this setup, 
taking fiberwise index defines an element [D] e K°{X/r, —^[g']) = K°(X/r, — 
and we will study the index pairing of [D] with the projective symbols constructed 
in subsection 12.61 

The condition + = in H^iT, C°°iX, [/(I))) implies that gg' is the cobound- 
ary of a cochain v e C^F, C°°(X, (7(1))). That is; 

We let Ki : Z Z' Z and TI2 : Z x-^^ Z' Z' denote the projections. Expressed in 
the functions (i/?^) and (v'p, where the latter is defined on Z' from 17', this condition 
takes the form 

This fact implies that we can define a F-action on Cf,(X, L^(Z X;^ Z'|X)) by 

Here we let an element 7 act simply by puUback on QCX, L^(Z x^Z'\xy) C h^^J^Z 
Z'). In particular, in the case that Z = Z' , it = it' and 17 = —17' then gg' = 1 so we 
can take v = 1. 

If a e S^''(X/F, Jir(P2,r))) is elliptic with parametrix r, we can lift both a and r 
to F-invariant elements a, r e J^(L^(Z|X))). Consider the operator- valued 

function a#D e C°°(r*X, jr(L2(i Z'|X))) defined as 

The symbol a#D is clearly F-invariant under the action t. Furthermore, a#D 
satisfies condition ([T]) in the local coordinates coming from il and il'. Since a#D is 
F-invariant and satisfies a Hormander condition we can define the operator T£,(a) e 
dSiL^[[Z Xx Z)/F)) by the formula 

Toia) = ia#DXx,d). 

A straight-forward analysis of the indices, the same as in Chapter 7 of [5S], gives 
the following Proposition. 

Proposition 3.10. //a e I1*'(X/F, JfTCP^ is elliptic, then T^[a) is Fredholm and 

indTc(a) = indx/r(S[a]U [D]). 
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One of the consequences of this Proposition is an index formula for certain equi- 
variant operators on Z Z' . Suppose that @ is a differential operator on Z equi- 
variant under the projective F-action that is of the same order as D. With ® 
we can associate its symbol in the horizontal direction CT;f(@) which is a fiberwise 
differential operator on T*X x^^Z ^ r*X, observe that this symbol depends on more 
than the principal symbol of ®. If this differential operator is pointwise invertible 
outside a F-compact subset of T*X we say that @ is operator-elliptic over X. In the 
case that ® is operator-elliptic, clearly is an elliptic projective symbol. 

Lemma 3.11. There is an operator- elliptic differential operator &#pD on (Z x^^ 
Z')/F of order k such that when extending to a T -invariant operator @#D on Z Xx^' 
one has that 



The construction of the operator @#pD comes directly from that the expres- 
sion for Ox{'2!#D') defines a F-invariant differential operator- valued symbol, so it 
descends to a differential operator- valued symbol on T*X/r. From this symbol we 
can construct a differential operator on (Z Z')/F which is elliptic since @ is 
operator-elliptic. The next Theorem follows from Proposition 13 . 101 

Theorem 3.12. Suppose that & is a projcctively T-equivariant differential opera- 
tor on Z that is operator- elliptic over X and that D is a projectively T-equivariant 
fiberwise elliptic differential operator of the same order on Z' . If we let e 
S^(X/F, Jfr(P2 denote the order elliptic projective symbol associated with @, 
then 
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